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Abstract

Current approaches to haplotype block definition target either absent recom-

bination events or the efficient description of genomic variation. This thesis

aims to define blocks of single nucleotide polymorphisms (SNP) as areas

of elevated linkage disequilibrium (LD). To this end, a new entropy-based

measure for LD between multiple markers/loci, the Normalized Entropy Dif-

ference, is developed and is characterized as a multilocus extension of the

pairwise measure r2. A corresponding algorithm for the block definition is

proposed. Its evaluation on a data set of human chromosome 12 from the

International Haplotype Map project proves the usefulness of the derived

blocks with respect to several features, including their chromosomal cover-

age and the number and portion of common block haplotypes. The critical

role of the SNP density for detectable LD and block structure is demon-

strated. The success of association studies in common diseases with block

haplotypes serving as multi-allelic markers will depend on whether the Com-

mon Variants/Common Diseases (CV/CD) hypothesis holds true for those

diseases.

Keywords:

multilocus linkage disequilibrium, haplotype blocks, common diseases, single

nucleotide polymorphisms



Zusammenfassung

Bisherige Methoden der Haplotyp-Block-Definition zielen entweder auf ab-

wesende Rekombinationsereignisse oder eine effiziente Beschreibung genomi-

scher Variation. Die vorliegende Arbeit definiert Blöcke von Single Nucleoti-

de Polymorphisms (SNP) als Gebiete erhöhten Kopplungsungleichgewichtes

(LD). Für dieses Ziel wird ein neues, entropie-basiertes Maß für LD zwischen

multiplen Markern/Loci (Normalized Entropy Difference) entwickelt und als

eine Multilocus-Erweiterung des paarweisen Maßes r2 charakterisiert. Ein

zugehöriger Algorithmus für die Block-Definition wird vorgeschlagen. Seine

Evaluierung an einem Datensatz des menschlichen Chromosoms 12 vom In-

ternationalen Haplotype Map Projekt zeigt die Nützlichkeit der abgeleiteten

Blöcke in Hinblick auf verschiedene Eigenschaften, einschließlich ihrer chro-

mosomalen Coverage und der Anzahl sowie des Anteils der häufigen Block-

Haplotypen. Der wesentliche Einfluß der SNP-Dichte auf die zu entdeckenden

LD- und Blockstrukturen wird demonstriert. Der Erfolg von Assoziationsstu-

dien in komplexen Erkrankungen mit Block-Haplotypen als multiallelischen

Markern wird davon abhängen, ob die Common Variants/Common Diseases

(CV/CD) Hypothese für solche Erkrankungen erfüllt ist.

Schlagwörter:

Multilocus-Kopplungsungleichgewicht, Haplotyp-Blöcke, Komplexe Erkran-

kungen, Single Nucleotide Polymorphims
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Preface

Statistical genetics has seen its rise from a very specialized field to a large

scientific area within the last 30 years. It combines the disciplines of medi-

cine, biology, statistics, and computer science to find and map genetic causes

of diseases in human and other organisms. Each of these areas is rapidly

evolving; so is statistical genetics. First papers on haplotypes blocks ap-

peared in 2001, whereas the frequency of published articles investigating this

phenomenon changed from monthly to almost weekly in 2003.

Haplotype blocks are an interesting subject, with a number of possible

applications. However, the existing methods for their definition deliver incon-

sistent and sometimes contradicting results and are in constant debate. The

major drawback of these methods is their lack of direct assessment of mul-

tilocus LD, which is important for the mapping of disease genes in common

but complex diseases, such as lipid disorders, hypertension, or Alzheimer’s.

In this thesis, I develop a multilocus LD measure and a block definition al-

gorithm that is based on it and demonstrate their usefulness. Their features

are investigated and compared with existing measures and methods. The ap-

plication to a whole chromosome data set allows for an in-depth evaluation

of them and also for some general conclusions about the nature of haplotype

blocks in the human genome. The proposed LD measure could be beneficial

in other applications as well.
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Chapter 1

Introduction

1.1 Genetic background of diseases

A familial aggregation of many diseases in humans has long been observed

and their heritability has been suspected. However, statistical descriptions

of heredity and inferences about its biological basis are only some 150 years

old [38]. Diseases with a genetic component, like other phenotypic traits, are

usually distinguished as being either Mendelian or complex. Mendelian traits

are characterized by well-defined phenotypes, one or two genetic disease loci

with high penetrance, a small phenocopy rate and usually small susceptibility

allele frequencies. This clear genotype-phenotype relation results in a clear

pattern of inheritance. Mendelian diseases are usually rare in the population.

Complex traits show a less clear relationship between genotype and phe-

notype due to two or more of the following characteristics: ill-defined phe-

notypes, incomplete penetrance, high phenocopy rate, genetic heterogeneity,

oligogenic or polygenic inheritance, epistasis, mitochondrial inheritance, im-

printing, and an often large contribution of environmental influences [85].

Unfortunately, most common diseases in humans resemble complex traits.

Examples are hypertension, lipid metabolism disorders, some forms of Alz-

heimer’s disease, and depression. Mendelian and complex traits differ only

to the extent of these problems. An individual’s genetically determined re-

sponse to medication is the trait of interest in pharmacogenetics [136, 95].
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1.1.1 Approaches to statistical gene mapping

How can loci which influence a trait or a disease be mapped on the genome?

In animals, plants, and bacteria, breeding techniques are routinely used to

create individuals with a defined genotype at one or more loci, for example

knock-out mice. This approach cannot be used with humans for ethical

reasons. Statistical methods have been developed to circumvent this problem.

Genetic markers

Since the trait-affecting gene is a priori unknown, all methods use genetic

markers. These are variations of the genome that can be genotyped at rea-

sonable cost and time. Microsatellites and single nucleotide polymorphisms

(SNPs) are markers that are in general use today [130]. Microsatellites (or:

short tandem repeats, STR) are a special form of frequent repeats of short

DNA sequences (minisatellites). They are useful due to their widespread dis-

tribution throughout the genome and their large number of alleles. A measure

for allelic diversity is the heterozygosity, H = 1 −
∑na

i=1 p2
i where pi and na

denote the frequency of the i-th allele and the total number of alleles in the

population [130]. H exceeds 0.7 for a high portion of microsatellites, making

them very informative for linkage analysis (see below). SNPs are usually

bi-allelic and, thus, show a low heterozygosity, but have the advantage of low

mutation rates and low genotyping costs for large-scale genotyping through

automation [50]. By 2001, more than 2.1 million [40, 41] SNPs had already

been identified throughout the genome. By November 2003, this figure had

jumped to 5.7 million [29], forming a huge source of genetic markers. This

makes them suitable to carry out genome-wide association studies [123] (see

below). SNPs with a minor allele frequency above 0.1 are called common,

whereas the other SNPs are called rare, although this threshold varies in the

literature. This thesis will focus on SNPs as markers of choice.

Linkage disequilibrium and recombination

The basis for statistical gene mapping in humans is the phenomenon of link-

age disequilibrium (LD) or allelic association. An individual’s chromosomal

2



genotype consists of two haplotypes, one derived from the maternal gamete

and the other from the paternal one [130]. In a narrower sense, a haplotype

is the allelic combination of the chromosomal loci under consideration. LD is

the non-random association between marker alleles on the same haplotype,

i.e. it denotes their stochastic dependence.

How does LD come into existence? Mutations always occur in an already

existing haplotype. The new allele will at first be found only in combination

with the other loci’s alleles in this haplotype. If crossing-over or gene conver-

sion events occur between two loci during meiosis [16, 140], their alleles are

newly combined (recombination). Over time, repeated recombinations will

undermine the strength of LD. In general, the probability of a recombina-

tion increases with growing distance between two loci. It is measured by the

recombination fraction θ, i.e. the probability that a gamete will be recom-

binant with respect to two loci [106, 130]. There will be no recombination

between loci for θ = 0 (complete linkage), whereas θ = 0.5 denotes unlinked,

independent loci. Selection and population bottlenecks lead to a reduced

diversity of haplotypes and can thereby strengthen LD. Genetic drift, i.e. the

random changes in the haplotype frequencies due to the sampling of hap-

lotypes inherited from one generation to the next, can also strengthen LD.

Thus, the disequilibrium state of a genomic region depends on many, often

unknown, factors, including population history and the size and structure of

the genomic region. LD can arise from other sources, e.g. population admix-

ture and sample substructure, due to the Wahlund effect [57]. Depending

on their history, different populations exhibit different amounts of LD [120].

Populations that have gone through bottlenecks in their population history,

e.g. by migration or founder effects, typically show longer ranging LD and

less variation.

Statistical gene mapping methods

Statistical gene mapping assumes that a marker showing evidence of affecting

a phenotype is itself a variation in a causative gene or is in LD with such a

variation. Methods can be differentiated by their type of analysis (linkage
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analysis vs. association analysis [39]), by their type of assumptions (model-

based vs. model-free), by the trait phenotype (qualitative vs. quantitative),

or by their data basis (family-based vs. population-based [104]).

Linkage Analysis. Linkage analysis traces the co-segregation of a pheno-

type and markers with arbitrary alleles in families to detect recombination

events. θ should be smaller than 0.5 for markers close to a causative locus.

Parametric methods (”lod-score analysis”[106]) explicitly model the disease’s

mode of inheritance, θ, and other parameters. A likelihood-ratio (LR) test is

used to test whether a model that employs the maximum-likelihood estimate

[43] of θ, θ̂ = argmaxθ∈[0, 1
2
)L(θ), can explain the observations in the families

significantly better than an unlinked-loci model:

lod(θ̂) = log10

Lθ̂

Lθ=0.5

. (1.1)

A lod-score of 3 or above for single loci [99] or of 3.3 or above for whole-

genome scans [105, 84, 130] corresponds to a significance level of α = 0.05.

Wrong specification of the mode of inheritance can lead to a dramatic loss of

power [26]. Model-free methods make implicit or local assumptions instead

of an explicit or global modelling of the mode of inheritance. They test for

an excess of allele-sharing among relatives with similar phenotypes, using

Pearson’s χ2 test, a mean test, and other tests [130, 155, 82, 77]. Haseman &

Elston methods [58, 44, 20, 161] test for negative slopes in linear regression

models on genetic markers. Variance component (VC) methods [17] also

include environmental and other factors in the regression and compare them

by LR tests. Twins are especially useful in this analysis to differentiate the

contributions of these factors [93, 129].

Association analysis. For short distances between marker and gene lo-

cus, large sample sizes are necessary to detect any recombination. Linkage

analysis therefore loses resolution. Association analysis (”LD mapping”) in-

directly tracks historical recombination events and can boost the resolution

in the fine-mapping of disease genes: In general, LD decreases more rapidly
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with increasing distance between loci. Marker alleles in strong LD with a

susceptibility allele will show an association with the phenotype. For a case-

control design as a straightforward model-free approach, marker alleles and

affection status can be tested in a contingency table for significant departures

from an odds-ratio of 1 for a particular allele or the relative risk using a χ2

test or Fisher’s exact test [130, 4]. Extensions of the VC methods [45] and

of the lod-score method [49] can simultaneously test for linkage and associa-

tion. To protect against spurious LD due to factors like population admix-

ture or sample stratification, cases and controls can be matched for strata,

e.g. sub-populations, or by design [19], as is done with the transmission-

disequilibrium-test (TDT [126, 135]) and its successors [6, 134, 118, 76], e.g.

the family-based association tests (FBAT [62]). The methods of Genomic

Control [34, 36, 35, 10] and Structured Association [114, 115, 116, 112] have

been developed to correct for confounding sources of LD. Model-based asso-

ciation methods model the cell probabilities of the contingency table under

a supposed mode of disease inheritance. Models allowing for LD or not are

compared by using a LR test [147].

1.1.2 Common diseases and the benefit of haplotypes

The genetic architecture of common diseases. Common diseases are

often complex traits that suffer from reduced penetrances, increased hetero-

geneity, and other factors. Successful association studies identify increased

susceptibility allele frequencies in affected individuals. Risch & Merikangas

[123] noted that the power of statistical gene mapping methods depends on

the allelic spectrum of the susceptibility mutations. Using deterministic mod-

els from classical population genetics, Reich & Lander [121] predicted that

if a high overall frequency of susceptibility alleles exists, then these alleles

are few but common. Thus, common diseases would result from combina-

tions of common variants where each single variant is only of modest effect

on the trait (CD/CV hypothesis [22]). Susceptibility loci are then subject to

only mild selection, perhaps even with a selective advantage for heterozygous

individuals. The assumption of little locus heterogeneity is critical for the
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success of association studies [133]. Some researchers have suggested that as-

sociation analysis is futile in complex traits, asserting that genes generally do

not act additively, but in a multiplicative manner through complex networks

of genes and/or environmental factors [61, 142]. Single gene effects are then

usually too small to be detected by association analysis. However, important

additive effects can be expected, in particular if the CD/CV hypothesis holds

[27].

Recent studies found evidence for the CD/CV hypothesis in several dis-

eases, for example the APOE gene in Alzheimer’s disease [121, 89]. Pritchard

& Cox [117] doubt this evidence for several reasons. They describe the ev-

idence as “low-hanging fruits”, caused by higher penetrances and the like,

and describe the CD/CV hypothesis as a best-case scenario, rejecting the pre-

sented sample of diseases as too small and too biased to draw general conclu-

sions. Furthermore, Pritchard [111] predicted extensive allelic heterogeneity

at many loci, using stochastic multiplicative disease models. Population ge-

netics theory predicts that common alleles are old, so only weak selection has

acted against them or there may have been a heterozygous advantage. Thus,

a number of recombination events have occurred and weakened LD around

a gene locus in the past. Consequently, association studies lose statistical

power and require increasing sample sizes that quickly become infeasible

[48]. Higher marker densities could attenuate this problem.

Selection is compatible with high frequencies of causative alleles, if com-

mon diseases are rather young. Once, perhaps, advantageous allele combina-

tions might have become disease risk factors under changing environmental

conditions. An example is the increasing rate of type II diabetes and adi-

positas in industrialized countries due to the over-supply of food. If the

susceptibility alleles are old, then a large proportion of the human popula-

tion will possess them. Variants detected in one population could then be

generalized to and tested for in almost every other population. The observa-

tion of common allele markers in a region critically depends on the mutation

rate and also on the ascertainment scheme for the markers [111, 117].

It is sometimes possible to map the genes in common diseases, which are

characterized by a somewhat ill-defined phenotype, by differentiating sub-
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phenotypes, where each of them follows a classical Mendelian pattern. The

low heterogeneity in each sub-phenotype then allows for the application of

classical statistical gene mapping approaches.

The benefit of haplotypes. A new mutation arises on a particular hap-

lotype that is only shortened by recombination events. The strength of the

correlation between this haplotype and the mutation depends on the hap-

lotype frequency during the event and the succeeding population history.

Instead of using single SNPs to test for association, several approaches that

utilize SNP haplotypes have been proposed [25].

First, haplotypes can simply serve as multi-allelic markers. They com-

bine the advantages of SNPs with an increase in marker heterozygosity and,

therefore, informativeness for gene mapping, when compared to single SNP

markers [97, 78, 163, 79, 162, 160, 137]. Association for all the SNPs can

then be tested simultaneously by using the haplotypes without much loss of

power; it might even ease the multiple testing problem, since correlations

between the different markers are implicitly modelled [46, 30, 69]. If a small

number of haplotypes describes most of the genetic variation of the included

SNPs, these haplotypes can be differentiated by haplotype-tagging SNPs (ht-

SNPs [69]) where one SNP allele is unique to a particular haplotype. The

use of htSNPs can also reduce genotyping costs and, thus, enables a study of

larger populations for an equal amount of funding. Second, clusters of sim-

ilar haplotypes could be enriched in the case group, or the haplotypes that

contain a susceptibility mutation could be excessively shared among cases.

Methods exploiting these phenomena have been suggested [83, 86, 13, 91].

Third, haplotypic structure can be modelled in a log-linear regression model

[25]. Finally, some effects may seem to be haplotype-specific [68] and, thus,

haplotypes need to be considered.

The observation of haplotype blocks. There is an ongoing debate

about the pattern of LD in the human genome. Recent findings indicate

a structure with regions of high LD and with limited numbers of haplotypes,

interspersed by regions of low LD [46, 30, 31, 108, 32, 1, 120, 144, 18]. The
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latter can be due to either high recombination rates (“hot spot”) or high

rates of gene conversion in that region [47, 143, 122, 28, 67, 51, 119]. This

structure of cold and hot spots of recombination has already been confirmed

by physical evidence in the MHC and SHOX genes [66, 94]. Block patterns

might also occur stochastically [154, 144]. Selection action on intra-genomic

variation and on the distribution of genes in the genome could be a possible

explanation for the variation in the recombination rate [107].

Blocks as regions of elevated LD can provide haplotypes to be used as

genetic markers and delimit regions where htSNPs can reasonably be defined.

They could also provide information on the spacing of SNPs in association

studies, i.e. where SNPs should be considered and where not. To assist these

objectives, the human haplotype map (HapMap) project [29, 69, 46, 30, 32]

is now underway.

1.2 Haplotypes and linkage disequilibrium

1.2.1 Estimation of haplotype frequencies

One way to infer haplotypes and their frequencies is to physically observe

them, as has been done by Perlegen Sciences, Inc. [108]. Direct sequencing

is still time-consuming and comparatively expensive, but might become a

standard technique in near future. Until then, haplotypes and their frequen-

cies need to be estimated from the genotypic data.

There are several groups of estimation methods. In their method, Clark

and others [24, 53, 153] aim to maximize the number of resolved haplotypes.

Other methods use an Expectation-Maximization (EM) algorithm to find the

haplotype set that maximizes the posterior probability of a given genotype

set [42, 59, 90, 23]. These Maximum-Likelihood (ML) methods are often

combined with Markov Chain Monte-Carlo (MCMC) techniques, e.g. Gibbs

sampling, for more efficient sampling that result in a faster frequency estima-

tion and thereby enable the processing of longer sequences [124, 138]. These

methods are today’s established standard. Bayesian methods also incorpo-

rate prior knowledge on the haplotypes [100, 88, 153].
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Haplotypes in

the population

(a)

(b)

(c)

(d)

(e)

(1,1) (1,2) (2,1)(2,2)

Figure 1.1: Schematic example of LD between two SNPs. (a) Nucleotide sequence
with no variation at two considered loci (blue and green). (b) A mutation of the blue
nucleotide creates a SNP in the population. LD cannot be assessed due to missing variation
at the second nucleotide. (c) A second SNP emerges due to a mutation of the green locus.
LD is, thus, initially complete (|D′| = 1, r2 < 1). (d) The fourth haplotype (2,2) is created
by a recombination between the haplotypes (1,2) and (2,1) (|D′| < 1, r2 < 1). A mutation
with the same result is extremely unlikely. Repeated recombinations will lower LD between
the SNPs, population bottlenecks, admixture, and genetic drift will strengthen it. (e) Only
two complementary haplotypes out of four are left in the population due to bottlenecks
and genetic drift (|D′| = 1, r2 = 1).

1.2.2 Pairwise measures for LD

A number of measures for the strength of LD have been proposed. They can

be broadly differentiated by their ability to consider exactly two loci or more

than two loci at a time. There is a vast amount of literature on the matter

of LD measures [33, 64, 52, 87, 70, 8, 113, 60, 98], however, the commonly

used measures are limited to LD between two loci.

To formally introduce pairwise LD measures, consider two bi-allelic loci,
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possessing alleles 1 and 2 each. Let pij denote the probability of haplotype

(i, j), i.e. locus 1 exhibits the allele i and locus 2 the allele j. Let pi·, p·j

denote the marginal (or single) frequencies of alleles i and j at loci 1 and 2,

respectively. These probabilities can be arranged in a contingency table:

1 2 Σ

1 p11 p12 p1·

2 p21 p22 p2·

Σ p·1 p·2 1

Under linkage equilibrium, the expected haplotype frequencies are the pro-

duct of the marginal allele frequencies: pij = pi·p·j. The deviation from the

expectation for this particular haplotype is measured by:

Dij = pij − pi·p·j (i, j = 1, 2) . (1.2)

For two bi-allelic loci, the absolute value of the deviation is the same for

all four haplotypes: Dij = (−1)i+jD where D = p11 − p1·p·1. Thus, the

deviation for one haplotype describes the other three as well. Under LD,

the allele probability distribution for a particular marker conditional on an-

other marker allele differs from the marginal distribution. Knowledge of LD,

therefore, complements the information provided by the markers’ marginal

allele frequencies. To allow for comparisons between different pairs of loci,

D can be standardized to [−1, 1] or [0, 1] in several ways [33], among them

the commonly used measures D′ and r2 (also denoted as ∆2):

D′ =


D

min(p1·p·2, p·1p2·)
: D > 0

D

min(p1·p·1, p·2p2·)
: D < 0

, r2 =
D2

p1·p2·p·1p·2
. (1.3)

The state of |D′| = 1 is called complete LD, whereas perfect LD is present if

r2 = 1. The latter situation can only occur as a consequence of population

bottlenecks and genetic drift. Figure 1.1 illustrates the occurrence of LD
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between two SNPs. Since LD depends on the age of the SNP-creating muta-

tions, the population history, genetic drift, the recombination fraction, and

other factors, it is highly variable even between close loci. Other pairwise

measures have been proposed [33, 64, 87].

Although these measures are useful to assess pairwise LD, they cannot

consider more than two loci and, thus, are blind to simultaneous associations

between alleles of more than two loci. Furthermore, the measure D′ is not

suitable for differentiating different degrees of LD. It equals ±1 if at least one

haplotype is missing [8]. Missing haplotypes are more probable for rare SNP

alleles and for multiple SNP sequences than for short sequences of common

SNPs. Also, for small to moderate sample sizes, estimates of D′ can exhibit a

considerable upward bias [148, 146]. Even if D′ is estimated to be below 1, it

might be strongly biased. So D′ is rather an indicator for missing haplotypes,

perhaps due to absent recombination events, than a reliable measure of LD.

See figure 1.2 for an illustration. The strength of LD between a trait locus and

a marker, measured by r, is indirectly proportional to the power of finding

an association [146]. This is not the case for D′. r2 is, thus, a measure of

choice in disease association studies [8].

Morton et al. [98] describe LD by parametrically modelling an association

probability (or recombination probability), using population genetics theory

with regard to recombination fraction, effective population size, and other

factors. It is, however, not clear how useful and robust the proposed measure

ρ is if one or more of the assumptions is not fulfilled, namely the neutrality

and population history assumptions. The SNP detection strategy can result

in an ascertainment bias of the LD estimate [5]. This effect will not be

discussed further here.

Extent of LD in human populations. For some applications, e.g. the

spacing of SNP markers in association studies, it is important to know how

far LD extends in a region. The rate of LD decay between two loci can,

under some assumptions, be described by the recombination fraction θ [130]:

Dg = (1− θ)g(p0
ij − pi·p·j) , (1.4)
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Figure 1.2: D′ as an indicator for missing haplotypes. 200 haplotypes of 40 SNPs
each were generated using SNaP (see section 2.5), assuming linkage equilibrium between
all SNPs. SNPs 1–20 were common (minor allele frequencies p = 0.4− 0.5) whereas SNPs
21–40 were rare (p = 0.01−0.1). Despite equilibrium, D′ values (upper left triangle) often
signal complete LD between rare SNPs due to missing haplotypes and often strong LD
for pairs of common and rare SNPs. r2 (lower right triangle) is not affected by the allele
frequencies, with values close to 0.

where Dg denotes the deviation (1.2) of the haplotype frequency from its equi-

librium frequency after g generations, given an initial haplotype frequency
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p0
ij at generation 0. For example, Dg roughly equals 0 after 10 generations

for θ = 0.5, whereas for θ ≤ 0.008, it is still considerably larger than 0 after

1000 generations [130].

Kruglyak [81] predicted useful LD would not be found in humans beyond

30 kb on average for the general population, using coalescent model simu-

lations and assuming selective neutrality. Further distance predictions were

3 kb for outbred populations and 100 kb for isolated populations and rare

SNPs. However, these estimates appear to be too pessimistic. Recent studies

found LD to often extend over longer distances [8]. Pairwise r2 values above

0.4 in an outbred European population were found for distances greater than

100 kb [145]. |D′| values equal to 1 were found for pairs 45 kb or further

apart [137], and the average distance for markers with values close to 1 was

estimated to be above 100 kb [120]. The extent of LD and the haplotype

patterns can vary strongly between different populations [8, 128, 120, 37].

1.2.3 Multilocus LD measures

Pairwise LD measures miss at least some multilocus LD information. One

way to compensate for this limitation is to consider all pairwise LD values

between multiple loci. The problem still remains how to combine this infor-

mation to multilocus LD descriptions. For example, Hedrick [60] proposed

a weighted sum of pairwise |D′| values to describe multilocus LD but this

quantity remains difficult to interpret [9]. Measures have been developed

for a direct multilocus LD description. Sabatti & Risch [127] measured the

agreement between pairs of markers by haplotype homozygosity and suggest

its use especially for highly polymorphic markers. Bennett [14] and Weir

[156] proposed measures for three or more loci. Unfortunately, these are

haplotype-specific and describe exclusively higher order effects. Lower or-

der terms and the marginal allele frequencies can also constrain these effects

[149]. Models of the extent of historical recombination in a region, using pop-

ulation genetics theory and coalescent models, have also been proposed for

measuring LD [113, 8, 75]. This approach assumes selective neutrality; the

population history has to be modelled and estimated from genotypic data.
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This parametric approach is computationally challenging and might be mis-

leading if the region is subject to strong selection or if the population model

is wrong.

1.3 Methods for the definition of blocks

The term block has been used to describe different objects with differing

objectives [151]. Blocks were defined in order to define haplotypes in as-

sociation studies, to reduce genotyping costs, or to delimit boundaries for

candidate genes [21]. Depending on the objective, blocks were either defined

as “islands” of high LD in a “sea” of low LD or as a segmentation of a

genomic region into disjointed, adjacent blocks. The principal criterion for

block detection is either a combination of pairwise D′ values, some haplo-

type diversity criterion, or the coincidence of block boundaries with known

recombination hot spots.

The existing algorithms are categorized in table 1.1. Gabriel et al. [46]

and others [168, 109, 132, 150] look for genomic regions with no substantial

amount of recombination. They use D′ or its confidence intervals in order

to find evidence of recombination. Blocks are defined as regions where only

a limited proportion of SNP pairs shows strong evidence of recombination.

Daly et al. [30] search for regions of low haplotypic diversity by comparing

the observed haplotypic heterozygosity with the expectation under linkage

equilibrium in sliding windows. They then estimate a haplotype transition

probability Θ (”historical recombination rate”) for fixed (”ancient”) haplo-

types by using a Hidden-Markov model, where 1−Θ = D′. Dawson et al. [32]

use both D′ and a reduced-haplotype-diversity criterion (≤ 5 haplotypes pro-

vide ≥ 75% frequency coverage). Wang et al. [154] define blocks as regions,

where all pairs of SNPs exhibit complete LD (|D′| = 1) or where at least one

of the four possible haplotypes has a frequency below 0.01. Surprisingly, no

methods based on r2 have been published so far.

Other approaches focus on the partition of a genomic region. Patil et al.

[108] use a rough haplotypic diversity criterion, requiring sample-size depen-

dent common haplotypes to provide a certain amount of frequency coverage.
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Approaches and criteria in existing block definition algorithms

Algorithm Approach Criterion htSNPs
Island Partition Pairwise LD Haplotypes

Daly [30] x x x
Gabriel [46] x x
Zhu [168] x x
Phillips [109] x x
Twells [150] x x
Shifman [132] x x
Dawson [32] x x x
Wang [154] x x
Patil [108] x x x
Zhang [164][165] x x x
Anderson [7] x x x
Mannila [92] (x) x x x

Table 1.1: Tabulation of the objectives and used criteria of existing block
definition algorithms. Methods usually search for regions of high LD (is-
land approach) or for a segmentation of the sequence into blocks (partition
approach). Island methods are predominantly D′-based, whereas partition
methods apply haplotype diversity criteria and often aim for the definition
of htSNPs.

Blocks would maximize the ratio of the number of SNPs in a window by

the number of common haplotypes in that window. Zhang et al. [164, 165]

and others [92] formalize this approach by a dynamic programming (DP)

algorithm. Anderson & Novembre [7] combine measures of haplotypic block

diversity and LD decay between blocks to find an optimal partition, em-

ploying the minimal description length principle. Both approaches require a

parameterization of the block structure. Also, multilocus LD interaction is

only described by the occurrence of a few haplotypes. Partition algorithms

have the drawback that a large number of blocks merely contain a single

SNP. More severe is the algorithms’ prerequisite of frequency estimates for

haplotypes of potentially very long size. Since haplotype frequencies need to

be estimated and the sample size limits the length of haplotypes that can

reliably be estimated, this also limits the maximum block size.
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Block lengths found in previous studies

Authors Chromosome Block lengths [kb]
Gabriel [46] various 1-173
Zhu [168] 1, 3, 17 1-45
Daly [30] 5 3-92
Jeffreys [66] 6 -100
Twells [150] 11 37-110
Haiman [54] 15 13-50
Phillips [109] 19 1-153 (-338), 38% physical coverage
Patil [108] 21 -115 (�7.8)
Dawson [32] 22 -804, 41.8% SNP coverage
May [94] X/Y -3

Table 1.2: Physical block lengths and, if provided, the block coverage of the
chromosome with regard to included SNPs and included physical distances
as found in previous studies.

Johnson et al. [69] introduced the concept of htSNPs as a means of reduc-

ing genotyping efforts. More algorithms exclusively following this approach

have been proposed [72, 139]. Meng et al. [96] sought to select genetic markers

for association analysis, using D′. Zhang & Jin [166] developed the Haplo-

BlockFinder program, which implements several algorithms.

Block lengths found in previous studies. A number of studies have

already been carried out which look for haplotype blocks. Table 1.2 lists

the block lengths that were found in some of these studies and also the

chromosomal coverage provided by the blocks, when whole chromosomes were

investigated. Physical block lengths vary greatly, from 1 kb through 804 kb.

1.4 Objective of this thesis

The detection of haplotype blocks in the human genome is a recent discov-

ery, and the methods for their definition are still under development and

open debate. Applications of these blocks include at least three objectives.

First, blocks with a number of common haplotypes can be used as multi-
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allelic markers with higher heterozygosity in disease association studies to

improve statistical power. Second, the definition of htSNPs in blocks can

reduce genotyping efforts in medical studies, while nearly the same amount

of genetic variation is described. Blocks also suggest where SNPs should be

spaced denser or sparser in genomewide studies. Third, blocks are also an

interesting feature of human genomic structure in itself. They contradict the

long-held assumption that recombination events occur with uniform proba-

bility along the genome. Some blocks of elevated LD might coincide with

non-coding regions that are functionally relevant and preserved by selection.

Those regions could be detected by between-population or between-species

comparisons.

The preceding sections have shown how existing block definition algo-

rithms are based on two methods: Either are pairwise D′ values with differ-

ing lower limits used to detect regions of little or no recombination, or blocks

are defined by employing some haplotypic diversity criterion, where a small

number of common haplotypes provide high chromosomal frequency cover-

age. Neither of these methods describes multilocus LD directly. D′ basically

describes absent haplotypes that are often due to missing recombination. But

even if recombination events have occurred in the past, they do not reduce

association power at once but gradually. There will often be useful LD in a

region for disease mapping due to other sources, e.g. population bottlenecks,

that would be wasted by using D′. So far, no methods have utilized r2 for

the block definition despite its direct relation to association power. Further-

more, pairwise measures might miss multilocus LD information, and it is

not entirely clear how they could optimally be combined for block detection

algorithms. Chromosomal coverage methods look for regions of low diversity,

which will often, but not necessarily, detect regions of high LD.

The objectives of this thesis are, therefore, to propose, first, a new mul-

tilocus LD measure and, second, a new block definition algorithm that is

based on this measure, and to thoroughly investigate the features of both.

To this end, the thesis is structured as follows: Chapter 2 introduces the new

multilocus LD measure, which is not based on population model assump-
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tions and does not share the indicator-like behavior of D′. The measure’s

analytical features are investigated, and it is compared to existing measures.

The measure is then utilized in a haplotype block definition algorithm. The

succeeding section outlines the employed data simulation program. Chap-

ter 3 investigates the potential robustness of the measure in the concept of

common haplotypes, using simulated data sets. The ability of the measure

to reasonably describe LD and its applicability are demonstrated on both,

simulated data sets and in a real-world data set with an established block

structure. Chapter 4 applies the proposed block detection algorithm to a data

set of the whole human chromosome 12. The resulting blocks are character-

ized, and the influence of the algorithm’s control parameters on the blocks

is investigated. This application also allows for some substantial conclusions

about the nature of haplotype blocks in the human genome. The proposed

algorithm is compared with others that are based on pairwise LD measures.

The results and their implications are discussed in chapter 5. Chapter 6

summarizes this thesis.
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Chapter 2

Measure & methods

2.1 The concept of entropy

In physics and information theory, entropy, S, describes the non-order or the

degree of (non-)structure of a system [131, 12]. It is defined as

S = −
∑

i

pi log pi , (2.1)

where the pi’s denote the probabilities of the different states that the sys-

tem can assume and log denotes the logarithmus naturalis (other bases for

the logarithm could be used). The sum includes all (possible) states of the

system. Missing states (pi = 0) do not contribute to S, since 0 log 0 = 0

by definition. S achieves its maximum if all states are equally probable. In

this case, the system exhibits the lowest degree of structure, and only the

minimum amount of information about the system’s actual state is available

a priori. An observation of the system will then provide a maximum gain

in information. S equals 0 if there is only one state. Then the system’s

state is exactly known, and no further information can be gained about it.

If two systems are considered, their joint entropy reaches its maximum if the

systems are independent of each other [131]. The joint entropy then equals

the sum of the single-system entropies.

The concept of entropy has already been applied to haplotypes and to
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SNPs. Jawaheer et al. [65] looked at deviations from the uniform distribution

of haplotypes that consisted of three markers. Judson and others [71, 2, 3]

proposed the choice of SNP subsets that explain most of the haplotypic

variation by maximizing their entropy. Hampe et al. [55] aim to select most

informative SNPs for association analysis.

2.2 The normalized entropy difference ε

By applying the concept of entropy to genetic data, a sequence of two or more

loci is considered a system. The possible haplotypes represent the states of

this system. Consider m bi-allelic loci, e.g. SNPs. Their sequence can assume

2m haplotypes (ai
1, . . . , a

i
m) ∈ {1, 2}m of which n are assumed to be present.

The entropy is used to measure the non-order of the observed loci sequence:

SB = −
n∑

i=1

pi log pi , (2.2)

where pi = pai
1,...,ai

m
denotes the frequency of haplotype i. Under the hypoth-

esis of linkage equilibrium, pi can be expressed as the product of the marginal

allele frequencies at the loci:

qi = qai
1,...,ai

m
=

m∏
k=1

p(k)
1{ai

k
=1} (1− p(k))

1{ai
k
=2} , (2.3)

where qi = qai
1,...,ai

m
denotes the frequency of the i-th haplotype, ai

k denotes

the allele of the k-th SNP position (k ∈ {1, . . . ,m}) at haplotype i, p(k)

denotes the frequency of allele 1 at the k-th SNP, and 1{x} equals 1 if x is

true and zero otherwise. The entropy that would be expected under linkage

equilibrium conditional on the SNP marginal frequencies is then:

SE = −
2m∑
i=1

qi log qi . (2.4)

The term (2.4) is also the maximum entropy the sequence can assume if

the marginal allele frequencies are held constant. This is easily proven by
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considering each SNP as an independent system and the SNP sequence as

the union of these systems.

Deviations from the equilibrium state represent a gain in structure or of

a priori information about the loci sequence. This information complements

the information provided by the marginal frequencies. Deviations will result

in a decreased entropy compared to the equilibrium case. The difference

between expected and observed entropy,

∆S = SE − SB , (2.5)

is thereby a measure for the sequence’s deviation from its linkage equilibrium

state. The term ∆S coincides with a term that was developed by Zhao et

al. [167] using likelihood theory. In analogy to the normalization of D (1.2),

∆S is scaled to [0, 1) by SE to allow for comparisons between different sets

of loci and is denoted by ε:

ε =
∆S

SE

= 1− SB

SE

. (2.6)

This new measure for LD is called the Normalized Entropy Difference [103].

In the following, the number of incorporated loci, m, will be called the window

size, while εm denotes the corresponding value of ε.

2.3 Analytical features of ε

Assessment of LD significance

Consider the sample size N =
∑2m

i=1 ni, where ni = nai
1,...,ai

m
represents the

number of occurrences of the i-th haplotype in the sample (pi = ni

N
). We

further define the haplotype frequency deviations from the expectation under

equilibrium, δi = δai
1,...,ai

m
= pi − qi, with the qi’s defined as in (2.3). Note

that
∑2m

i=1 δi = 0. The likelihood of a sequence is designated by LB for the

observation and by LE under the assumption of linkage equilibrium. LE is

completely determined by the m marginal allele frequencies; LB is determined

by 2m − 1 haplotype frequencies.
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A first result is the following equation:

∆S =
1

N
log

LB

LE

. (2.7)

To prove equation (2.7), it is sufficient to show that SB = − 1
N

log LB and

SE = − 1
N

log LE:

1

N
log LB =

1

N

2m∑
i=1

ni log pi

=
2m∑
i=1

(qi + δi) log(qi + δi) = −SB (2.8)

1

N
log LE =

2m∑
i=1

(qi + δi) log qi

=
2m∑
i=1

qi log qi︸ ︷︷ ︸
= −SE

+
2m∑
i=1

δi log qi︸ ︷︷ ︸
= (∗)

(2.9)

It remains to show that (∗) equals zero:

(∗) =
2m∑
i=1

δai
1,...,ai

m
log qai

1,...,ai
m

=
2m∑
i=1

m∑
k=1

δai
1,...,ai

m
1{ai

k=1} log p(k) +

2m∑
i=1

m∑
k=1

δai
1,...,ai

m
1{ai

k=2} log(1− p(k))

=
m∑

k=1

log p(k)

(
2m∑
i=1

1{ai
k=1} δai

1,...,ai
m

)
︸ ︷︷ ︸

= (∗∗)

+
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m∑
k=1

log(1− p(k))

(
2m∑
i=1

1{ai
k=2} δai

1,...,ai
m

)
︸ ︷︷ ︸

= (∗ ∗ ∗)

(2.10)

Thus, only the δi’s of those haplotypes that possess allele 1 at the k-th locus

contribute to the sum subsequently multiplied by log p(k). To show that this

sum (∗∗) equals 0 for all k, we substitute pi − qi for δi and then find that

both sums assume the marginal frequency p(k):

(∗∗) =
2m∑
i=1

1{ai
k=1} pai

1,...,ai
m
− p(k)

2m∑
i=1

m∏
l=1,l 6=k

p(l)
1{ai

l
=1} (1− p(l))

1{ai
l
=2}

= p(k) − p(k)

m∏
l=1,l 6=k

(p(l) + 1− p(l)) = 0 (2.11)

(∗∗∗) is resolved in the same way. Thus, (∗) = 0 and equation (2.7) holds. 2

Since the log-likelihood ratio is approximately χ2 distributed, 2 log LB

LE
∼

χ2 [157, ch. 13], we are now able to state that

2N ∆S ∼ χ2
2m−(m+1) (2.12)

approximately holds. 2N∆S can, therefore, be used to test whether the

haplotype frequencies significantly differ from the expectation under linkage

equilibrium. Since this is an asymptotic test, sample sizes must not be too

small.

Incorporation of several loci

By definition, the measure ε allows for the incorporation of an unlimited

number of loci. However, this number is limited by the sample size in prac-

tice. Some haplotypes of rare frequency that are present in the population

may be missing in the sample due to the limited sample size. This can result

in an upwardly biased LD estimate. Also, the need to estimate haplotype

frequencies limits the possible number of SNPs that can be incorporated.
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Figure 2.1: Influence of the numbers of loci and haplotypes on ε for the case of
equal haplotype frequencies. Increasing numbers of haplotypes for a constant number
of loci result in decreased values of ε, as do decreasing numbers of loci, when the number
of haplotypes is held constant. The marginal allele frequencies are not held constant in
this illustration. The measure ε changes greatly for small numbers of loci and for small
numbers of haplotypes. A large part of real-world data is expected to fall into this area.

Usual study settings will, thus, allow for the calculation of ε for sequences of

8 to 12 SNP loci at most, corresponding to 256 to 4096 possible haplotypes.

Section 2.4 proposes a method to describe LD for longer loci sequences.

SNPs that were found to be bi-allelic in one sample are often found to be

mono-allelic in another sample. A mono-allelic SNP has the effect of lowering

the effective number, m, of considered SNPs in the calculation of ε by 1.
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Haplotypes and their frequency pattern

The measure ε is sensitive to both the number of haplotypes that are observed

and their frequencies. ε equals 0 if and only if a sequence is in its equilibrium

state, i.e. the haplotype frequencies are completely defined by the marginal

allele frequencies. ε increases with decreasing numbers of haplotypes present

at the sequence and also increases with deviations from their equilibrium

frequencies. ε distinguishes between various degrees of LD beyond the ab-

sence of more than one haplotype. It is easily proven that for exactly two

haplotypes, ε assumes the window-depending value of m−1
m

, which is always

smaller than 1. Figure 2.1 illustrates the dependence of ε on the numbers of

loci and occurring haplotypes for the case of equal haplotype frequencies.

Approximate equality of ∆S and r2 for two SNPs

At first glance, the rationale behind the entropy-based LD measure ε seems

rather remote from usual approaches. However, the values of ∆S and 1
2
r2

are close to each other for two bi-allelic loci, if the marginal allele frequencies

are not too close to 0 or 1:

∆S ≈ 1

2
r2 . (2.13)

Figure 2.2 illustrates the very similar behavior of r2 and ∆S and also ε for the

case of two SNPs. To prove equation (2.13), consider two bi-allelic loci with

alleles 1 and 2 each. We use a similar notation as before: let the haplotype

frequencies be denoted by pij, the marginal allele frequencies by pi· and p·j;

D = p11 − p1·p·1, Dij = (−1)i+jD. ∆S is expressed in terms of the log-

likelihood ratio using equation (2.7). The approximation (2.13) is done by

power series expansion to second order, using log(1 + x) =
∑∞

i=1(−1)i+1 xi

i
.

For relations between r2 and the χ2 distribution see [156, p. 137].

∆S =
1

N
log

LB

LE
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Figure 2.2: Comparison of r2, ∆S, and ε for two SNPs following a work by
Hedrick [60]. p1·, p·1 denote the marginal frequencies of allele 1 at the SNP loci. In
three considered pairs, D′ and p·1 are fixed to some value, whereas p1· varies from 0
to 1. Haplotype frequencies are calculated from p1·, p·1, and D′, thus, allowing for the
calculation of other LD measures. The value of D′ controls the height of the curves,
whereas the value of p·1 influences the location of the peak. The curves of r2 (r2), ∆S

(S[E]-S[B]), and ε2 (eps[2]) show a remarkably similar shape and peak at the same
location. For extreme marginal allele frequencies, ε2 and ∆S diverge from r2.

=
2∑

i,j=1

(pi·p·j + Dij) log

(
1 +

Dij

pi·p·j

)

≈
2∑

i,j=1

[(
(−1)i+jD − 1

2

D2

pi·p·j

)
+

D2

pi·p·j

]
(2.14)

=
1

2

D2

p1·p·1p2·p·2
=

r2

2
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D is confined to [max(−p1·p·1,−p2·p·2), min(p1·p·2, p2·p·1)] ⊆ [−0.25, 0.25] [57,

p. 51]. If |Dij| < pi·p·j, approximation (2.14) holds. For very high or very

low marginal frequencies, the approximation becomes bad. 2

The value of ∆S is indirectly related to the increase of the required sample

size to achieve a certain power in disease association mapping [113] as does

r2 for the two-loci case [146, 8].

2.4 An ε-based block definition algorithm

The measure ε directly describes LD and is sensitive to both the number

and the frequency pattern of the present haplotypes. In analogy to D′-based

methods, an ε-based block definition algorithm could search for contiguous

regions of high LD, separated by regions of decreased LD. Since the sample

size limits the window length that ε can be used with, a number of overlap-

ping windows of smaller size could be used instead. This does not exactly

describe multilocus LD for long sequences, but will approximate it.

An ε-based block definition algorithm.

1. Choose a window size m ∈ {2, 3, . . .}, i.e. the number of SNPs to be

used in the calculation of ε.

2. Choose a threshold t ∈ [0, 1) for εm.

3. Use a sliding window of size m along the SNP sequence; define haplotype

blocks or regions of elevated LD as contiguous windows for which εm

does not drop below the chosen threshold.

Window size and threshold represent the algorithm’s control parameters. The

algorithm will deliver blocks of high LD and follows the island approach.

2.5 A data simulation algorithm

A software program, SNaP [102], was developed in C [73] to generate data sets

that follow the two observations from section 1.1.2, namely SNP sequences
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with a discrete pattern of blocks and a limited haplotypic diversity within

these blocks. The program assumes a simple model to this end:

1. The sequence is composed of a series of independent blocks of one or

more SNPs each.

2. For each block, a set of one or more haplotypes and corresponding

frequencies is specified.

3. Block haplotypes are sampled independently from the other blocks.

The block haplotypes are concatenated to form the sequence haplotype.

Thus, SNPs from different blocks are always in linkage equilibrium, whereas

SNPs from the same block might exhibit medium or strong LD, depending

on the specified haplotypes. This model is only suitable to simulate clear

block patterns; it cannot explicitly model LD within a block and LD decay

at its borders which remains an open problem and has been resolved only

for very small sequences [158]. A suitable choice of block haplotypes can

partially compensate for this drawback.

To simulate individuals, the program first checks if a haplotype set was

specified for each block. If not, it is randomly generated according to a

block-specific number. In this case, each possible haplotype has the same

probability to be included in the set. The algorithm does, therefore, not

follow an evolutionary model for the haplotypes. Subsequently, block hap-

lotypes are sampled independently for each block from the sets and then

concatenated to form the sequence haplotype. Two sampled sequence hap-

lotypes form an individual’s genotype (dual-haplotype). The program allows

for the generation of an unlimited number of individuals and nuclear families

with a random or fixed number of children in the families. Optionally, a

quantitative trait phenotype or a disease affection status can randomly be

assigned to the individual conditional on his or her genotype at one or more

loci. The program allows for two sampling schemes, added genotyping errors,

removal of causative SNPs, and other features. Except for case-control sam-

pling, each locus is in Hardy-Weinberg equilibrium due to the independent

sampling of haplotypes implemented.

28



Chapter 3

Applicability of ε

Equipped with a multilocus LD measure and a block definition algorithm

from chapter 2, the following objectives are pursued in this chapter:

1. Investigation of the influence of the common haplotypes concept on the

calculation of ε.

2. Demonstration of the ability of the measure ε to describe LD and detect

block structures.

To this end, simulated as well as real-world data sets were analyzed.

3.1 Common haplotypes, coverage, and ε

In real-world applications, haplotype frequency estimation is always prone

to error. This is particularly true for rare haplotypes. Each haplotype con-

tributes with the term −p log p to the entropy term (2.1), where p denotes

the haplotype frequency. Unfortunately, small deviations from the true hap-

lotype frequency can cause large deviations in (2.1) for small p; see figure

3.1 for an illustration. The effect of those small deviations for rare haplo-

types on ε is not obvious and difficult to tackle analytically. It would be

advantageous if ε would not overly depend on small frequencies. Then only

haplotypes with frequencies greater than a certain threshold (common hap-

lotypes) needed to be considered for the reliable calculation of ε under the
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Figure 3.1: Graph of −p log p for three different bases. Errors in the haplotype
frequency estimation only mildly affect the entropy for moderate frequencies but strongly
for small ones, e.g. frequencies below a threshold of 0.1 (solid grey line). The graph
illustrates the changes in −p log p for a frequency error of 0.05.

condition that the common haplotypes provide sufficient frequency coverage,

i.e. the sum of their frequencies is greater than some threshold. This would

result in a more robust estimation of ε in real-world applications.

3.1.1 Simulation study design

A simulation study was carried out to answer the following questions:

1. Are rare haplotypes negligible for the calculation of ε?

2. How should ε be estimated if only common haplotypes are used?

3. Which frequency coverage and definition threshold for the common

haplotypes does a reliable estimation of ε require?
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The following parameters with a potential influence on the calculation of ε

were considered:

Number of common

haplotypes (cHT): 2, 3, 4, 5

Threshold for cHT definition: 0.2, 0.15, 0.1, 0.05, 0.01

cHT’s frequency coverage: 60%, 70%, 80%, 90%

Total number of haplotypes: 20 or three times the number of cHT

Frequency pattern of cHT: Inequality Pattern

All but one cHT’s frequencies

equal the threshold frequency or

Equality Pattern

All cHT have equal frequencies.

Number of SNPs in sequence: 3, 6, 8

Rare haplotypes were assumed to have equal frequencies. Every possible

combination of parameter values was considered (factorial design). SNPs

were required to be strictly bi-allelic. For each point in this parameter grid,

1000 data sets with 1000 haplotypes each were randomly and independently

generated using SNaP (see section 2.5). Each possible sequence haplotype

had the same probability of being included in the limited set from which the

data set haplotypes were sampled. For each data set, the measure ε was

estimated in three different ways:

εall: All haplotypes were used.

εlve: Only the common haplotypes, with their frequencies unchanged,

were used.

εcmn: Only the common haplotypes, with their frequencies re-scaled so

that their sum equalled 1, were used.

Perl [152] and R1 scripts were developed for processing, data handling, and

the statistical analysis.

1For more details on this OpenSource S-Plus clone see http://www.r-project.org/.
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Bias of ε̂ when only common haplotypes are used

Common Haplotypes Frequency Pattern & Coverage
Inequality Pattern Equality Pattern

Number Threshold 70% 90% 70% 90%
2 0.05 – 0.03±0.18 – 0.03±0.12

– -0.02◦ 0.14 – 0.02◦ 0.09
– -0.61/ 0.24 – -0.47/ 0.12

0.10 0.05±0.21 0.03±0.16 0.06±0.18 0.02±0.13
-0.02◦ 0.18 0.00◦ 0.12 0.02◦ 0.17 0.01◦ 0.09
-0.60/ 0.29 -0.56/ 0.19 -0.56/ 0.22 -0.47/ 0.12

0.20 0.07±0.18 0.03±0.14 0.07±0.18 0.03±0.12
0.01◦ 0.18 0.00◦ 0.11 0.02◦ 0.17 0.02◦ 0.09

-0.57/ 0.26 -0.50/ 0.14 -0.55/ 0.22 -0.47/ 0.12
3 0.05 – 0.08±0.08 – 0.07±0.04

– 0.06◦ 0.13 – 0.06◦ 0.09
– -0.44/ 0.22 – -0.21/ 0.11

0.10 0.14±0.09 0.08±0.07 0.13±0.09 0.07±0.04
0.10◦ 0.19 0.06◦ 0.11 0.10◦ 0.18 0.06◦ 0.09

-0.38/ 0.26 -0.36/ 0.15 -0.33/ 0.22 -0.23/ 0.11
0.20 0.13±0.08 0.07±0.05 0.13±0.08 0.07±0.04

0.11◦ 0.18 0.06◦ 0.10 0.11◦ 0.18 0.06◦ 0.09
-0.29/ 0.24 -0.28/ 0.12 -0.29/ 0.23 -0.20/ 0.11

4 0.05 0.16±0.07 0.10±0.05 0.16±0.05 0.08±0.02
0.12◦ 0.20 0.08◦ 0.13 0.14◦ 0.19 0.08◦ 0.10

-0.22/ 0.28 -0.28/ 0.17 -0.17/ 0.22 -0.08/ 0.11
0.10 0.16±0.06 0.09±0.03 0.16±0.05 0.08±0.02

0.14◦ 0.20 0.08◦ 0.11 0.14◦ 0.19 0.07◦ 0.10
-0.30/ 0.25 -0.18/ 0.14 -0.29/ 0.22 -0.10/ 0.11

0.20 – 0.08±0.02 – 0.08±0.03
– 0.08◦ 0.10 – 0.08◦ 0.10
– -0.08/ 0.11 – -0.23/ 0.11

5 0.05 0.16±0.05 0.10±0.03 0.16±0.04 0.08±0.02
0.14◦ 0.20 0.09◦ 0.12 0.15◦ 0.19 0.08◦ 0.10

-0.25/ 0.28 -0.05/ 0.15 -0.16/ 0.22 -0.03/ 0.11
0.10 0.16±0.04 0.09±0.02 0.16±0.04 0.09±0.01

0.15◦ 0.19 0.08◦ 0.10 0.15◦ 0.19 0.08◦ 0.09
-0.12/ 0.22 -0.12/ 0.12 -0.01/ 0.22 -0.02/ 0.10

Table 3.1: Mean±SD, 1.◦3. quartile, and min./max. of εcmn−εall for 6 SNPs,
three times as many haplotypes in total as common haplotypes, and both
haplotype frequency patterns. Results for 60% and 80% coverage and for
thresholds 0.01 and 0.15 fit into the trend and were therefore omitted from
the presentation.
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Bias of ε̂ when only common haplotypes are used

Common Haplotypes Frequency Pattern & Coverage
Inequality Pattern Equality Pattern

Number Threshold 70% 90% 70% 90%
2 0.05 0.19±0.20 0.11±0.18 0.19±0.17 0.08±0.12

0.12◦ 0.32 0.06◦ 0.22 0.15◦ 0.29 0.07◦ 0.14
-0.44/ 0.42 -0.45/ 0.28 -0.37/ 0.33 -0.34/ 0.16

0.10 0.20±0.19 0.10±0.15 0.19±0.16 0.08±0.11
0.13◦ 0.32 0.08◦ 0.19 0.15◦ 0.29 0.07◦ 0.14

-0.40/ 0.39 -0.42/ 0.23 -0.38/ 0.34 -0.33/ 0.16
0.20 0.18±0.19 0.09±0.13 0.18±0.18 0.08±0.12

0.14◦ 0.30 0.07◦ 0.16 0.14◦ 0.29 0.07◦ 0.14
-0.38/ 0.34 -0.37/ 0.19 -0.37/ 0.33 -0.35/ 0.15

3 0.05 0.22±0.10 0.14±0.07 0.21±0.08 0.10±0.04
0.19◦ 0.28 0.12◦ 0.18 0.20◦ 0.26 0.10◦ 0.12

-0.35/ 0.38 -0.32/ 0.28 -0.20/ 0.29 -0.15/ 0.13
0.10 0.22±0.09 0.12±0.06 0.21±0.08 0.10±0.04

0.20◦ 0.27 0.11◦ 0.15 0.20◦ 0.26 0.10◦ 0.12
-0.30/ 0.32 -0.29/ 0.18 -0.18/ 0.29 -0.13/ 0.14

0.20 0.21±0.08 0.10±0.04 0.22±0.07 0.10±0.04
0.20◦ 0.26 0.10◦ 0.13 0.20◦ 0.26 0.10◦ 0.12

-0.21/ 0.29 -0.20/ 0.14 -0.17/ 0.29 -0.13/ 0.13
4 0.05 0.22±0.06 0.13±0.04 0.21±0.04 0.10±0.02

0.18◦ 0.26 0.12◦ 0.15 0.19◦ 0.24 0.10◦ 0.11
-0.27/ 0.32 -0.23/ 0.18 -0.04/ 0.26 -0.07/ 0.12

0.10 0.21±0.06 0.11±0.03 0.20±0.05 0.10±0.02
0.19◦ 0.24 0.10◦ 0.13 0.19◦ 0.24 0.10◦ 0.11

-0.23/ 0.29 -0.08/ 0.15 -0.10/ 0.26 -0.08/ 0.12
0.20 – 0.10±0.02 – 0.10±0.02

– 0.10◦ 0.11 – 0.10◦ 0.11
– -0.09/ 0.12 – -0.16/ 0.12

5 0.05 0.20±0.05 0.12±0.03 0.20±0.03 0.10±0.02
0.18◦ 0.24 0.10◦ 0.14 0.18◦ 0.22 0.09◦ 0.10

-0.07/ 0.29 -0.04/ 0.16 -0.04/ 0.24 -0.03/ 0.11
0.10 0.20±0.04 0.10±0.02 0.19±0.04 0.10±0.01

0.18◦ 0.22 0.10◦ 0.11 0.18◦ 0.22 0.09◦ 0.10
-0.04/ 0.25 -0.02/ 0.13 -0.03/ 0.24 -0.01/ 0.11

Table 3.2: Mean±SD, 1.◦3. quartile, and min./max. of εcmn−εall for 6 SNPs,
20 haplotypes in total, and both haplotype frequency patterns. Results for
60% and 80% coverage and for thresholds 0.01 and 0.15 fit into the trend
and were therefore omitted from the presentation.
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3.1.2 Simulation results

Statistics on the difference εcmn − εall were calculated to assess the potential

bias of the estimate ε̂, when εcmn is used. The calculation of εlve did not lead

to meaningful results with values above 1 and below 0 (data not shown). It

is, therefore, excluded from the presentation. Tables 3.1–3.2 on pages 32f list

the statistics on εcmn − εall for the case of 6 SNPs. Results for 3 and 8 SNPs

were similar and, therefore, omitted from the presentation.

These tables show that a persistent bias occurs in the calculation of ε,

when only common haplotypes are used. This bias increases with the number

of rare haplotypes that are present and decreases with increasing coverage

by the common haplotypes. The variance of εcmn − εall decreases with a

growing number of common haplotypes. Besides, the number of common

haplotypes and their frequency pattern have a minor influence on this bias.

The inequality pattern, combined with low thresholds for common haplo-

types, causes a slightly higher bias than the equality pattern does. The bias

becomes smaller, when more SNPs are considered (data not shown).

The measure ε is sensitive for rare haplotypes, and some information is

missed if their frequencies are not used in the calculation. However, for 90%

coverage by the common haplotypes, the bias of εcmn is confined to 0–0.15

or 0.20 in most cases, depending on the number of rare haplotypes. For 70%

coverage, the bias can assume values up to 0.3. Some rare cases show extreme

positive as well as negative bias. Closer inspection of these cases reveals that

those SNPs, which become mono-allelic if only the common haplotypes are

considered, are an important source for the variance of the bias. In cases

with negative bias, 2-3 SNPs became mono-allelic in common haplotypes,

whereas in cases with strong positive bias, all SNPs remained bi-allelic.

3.2 Applicability of ε

This section will demonstrate ε’s ability to reasonably describe LD and block

structures in two simulation studies and by application to a previously ana-

lyzed data set with an established block structure.
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3.2.1 Simulation I: A single block

Objective of analysis and simulation study design

If an LD block is present in a SNP sequence, a reasonable multilocus LD

measure should assume high values over this block for windows that exactly

match the block location and its size. It should assume lower values for

windows of different size or different location than the block. To investigate

if ε shows such a behavior, multiple data sets were simulated using the SNaP

program (see section 2.5). In an ideal scenario, all data sets had a single

haplotype block and four neighbouring SNPs in linkage equilibrium on either

side in common. The simulated data sets differed in the number of SNPs

within the block and in the number of observed haplotypes at the block as

well as in their frequency pattern. The single SNP allele frequencies were

set to values of 0.4, 0.5, 0.2, 0.3 (left side of the block) and 0.2, 0.1, 0.3,

0.1 (right side). Block sizes ranged from 2 to 10 SNPs and numbers of

observed haplotypes from 2 to 8. To take a possible influence of the haplotype

frequency pattern in the block on ε into account, four different models were

chosen:

• Model e: All occurring haplotypes are equally probable.

• Model 1r: There is one major haplotype (frequency pi = 0.7), all

additional haplotypes have equal frequencies.

• Model 2r: There are two major haplotypes (pi = 0.35 each), all addi-

tional haplotypes have equal frequencies.

• Model 2: There are two groups of haplotypes of approximately equal

size. Within each group, haplotypes have equal frequencies. One

group’s frequencies sum up to 0.7, the sum in the other group is 0.3.

For each possible combination of values for block size, number of observed

haplotypes, and frequency model, 100 replicates with 1000 haplotypes each

were randomly generated. Window sizes 2–10 were used for ε.
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Percentage of replications where ε assumes its maximum over an
LD block with a block-matching window

Block Block Haplotypes Frequency Pattern
# SNPs # HT e 1r 2r 2

2 2 32 (0.50) 32 (0.50) 32 (0.50) 32 (0.50)
3 100 (0.14) 63 (0.21) 100 (0.14) 63 (0.21)
4 0 (–) 22 (0.07) 2 (0.08) 2 (0.08)

3 2 65 (0.54) 65 (0.54) 65 (0.54) 65 (0.54)
3 67 (0.25) 56 (0.36) 67 (0.25) 56 (0.36)
4 87 (0.26) 75 (0.29) 87 (0.26) 87 (0.26)
6 69 (0.12) 86 (0.19) 81 (0.18) 71 (0.14)
8 0 (–) 100 (0.13) 43 (0.17) 0 (–)

4 2 73 (0.58) 73 (0.58) 73 (0.58) 73 (0.58)
3 74 (0.42) 79 (0.45) 74 (0.42) 79 (0.45)
4 69 (0.38) 77 (0.43) 75 (0.40) 75 (0.40)
6 84 (0.29) 88 (0.37) 82 (0.34) 87 (0.31)
8 89 (0.21) 96 (0.31) 86 (0.29) 91 (0.23)

6 2 90 (0.66) 90 (0.66) 90 (0.66) 90 (0.66)
3 79 (0.60) 84 (0.62) 80 (0.61) 84 (0.62)
4 79 (0.57) 84 (0.59) 81 (0.58) 81 (0.58)
6 94 (0.51) 93 (0.55) 89 (0.54) 91 (0.52)
8 98 (0.45) 98 (0.52) 93 (0.51) 95 (0.47)

8 2 98 (0.72) 98 (0.72) 98 (0.72) 98 (0.72)
3 93 (0.71) 92 (0.72) 92 (0.71) 92 (0.72)
4 91 (0.68) 95 (0.70) 95 (0.69) 95 (0.69)
6 95 (0.63) 95 (0.66) 98 (0.65) 96 (0.63)
8 99 (0.59) 98 (0.64) 99 (0.63) 98 (0.60)

10 2 100 (0.78) 100 (0.78) 100 (0.78) 100 (0.78)
3 99 (0.76) 99 (0.77) 99 (0.76) 99 (0.77)
4 98 (0.74) 98 (0.75) 97 (0.75) 97 (0.75)
6 98 (0.70) 99 (0.73) 99 (0.72) 99 (0.70)
8 100 (0.67) 99 (0.71) 100 (0.70) 100 (0.68)

Table 3.3: Percentage of replications, where ε assumes its maximum value
over an LD block when window size and location match the block (simulation
I). The number of SNPs in the block (# SNP), the number of haplotypes at
the block (# HT), and the block haplotype frequency model varied in the
simulation (see text). The mean values of ε in those replications, where it
assumed its maximum over the block, are given in parenthesis.
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Figure 3.2: Typical pattern of ε values for sliding windows of sizes 2–8 along
a simulated SNP sequence (simulation I). The sequence contained an LD block of 6
SNPs at positions 5–10 (depicted by the bold line below the graph). Seven haplotypes that
follow frequency pattern 2 (see text) were present in the block. The maximum value for
ε is assumed for window size 6 (cyan line) at the block-matching location. The horizontal
line on top of the peak depicts this maximizing window with its corresponding value of ε.

Simulation results

Table 3.3 on page 36 lists the percentage of replications where ε assumes its

maximum value over the LD block with regard to window size and location.

If a block included four or more SNPs, the results for the different numbers of

loci and the various haplotype patterns were approximately the same (data

not shown). Data sets generated with haplotypes that consisted of five and

seven loci fit very well into the general trend (data not shown).

The proportion of correct maxima is often small for the smallest window

size of 2, but constantly much higher for moderate sizes. It is 0 for four

equally probable haplotypes composed of two SNPs and for eight equally

probable haplotypes composed of three SNPs, because these loci are in link-

age equilibrium. For moderate to larger window sizes, ε assumes its maxi-
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mum for the correct window size and location in most replications, predom-

inantly above 90%. For these sizes, the frequency pattern of the haplotypes

does not influence the measure’s ability to detect block structure.

Figure 3.2 illustrates a typical case in the application of ε. Growing

window sizes increase the value of ε, until it assumes its maximum over the

block if the correct block size is used. Then the value of ε decreases with

even larger window sizes. ε approaches 0 outside the block, since linkage

equilibrium was assumed between the SNPs in this area in the simulation.

The figure also illustrates an effect of larger window sizes. For windows

of moderate or large size that overlap a block border, e.g. a window that

includes the SNP positions 3–7, the value of ε does not drop to 0, since there

is still some LD between at least some SNPs in the window. Thus, larger

windows show a smoothing effect. This effect becomes stronger with growing

sizes.

3.2.2 Simulation II: Large and adjacent blocks

Objective and simulation design

To investigate the behavior of ε in a more complex, but still somewhat ideal-

ized situation, 1000 random haplotypes of a sequence that contained four in-

dependent blocks and several single SNPs were generated using SNaP. Three

situations were modelled in the sequence:

1. Large block: A block, B1, of 20 SNPs (positions 4–23) with eight hap-

lotypes of unequal frequencies was simulated. ε cannot be estimated

with this window size in real-world applications due to sample size

limitations (see section 2.3).

2. Two adjacent blocks: To assess the measure’s ability to separate two

blocks that have no single SNP between them, two independent blocks,

B2 and B3, were simulated. These adjacent blocks were composed of

five and four SNPs at positions 28–32 and 33-36, with four and three

haplotypes of unequal frequencies, respectively.
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3. Single block: A fourth block, B4, composed of six SNPs at positions

42–47 with four haplotypes of unequal frequencies was also generated.

These three units were separated by interspersed single SNPs of differing

allele frequencies that were in linkage equilibrium to each other and to the

blocks. Window sizes 2–8 were used with ε.

Simulation results

Figure 3.3 depicts the ε values and pairwise LD values for a typical outcome

in the simulations. All window sizes signal strong LD over block B4, but ε

assumes its maximum for the correct window size and location. The adjacent

blocks B2 and B3 are identified as two separate blocks: ε drops sharply

between the blocks for moderate window sizes, although not completely to 0

for sizes greater than 2 due to the smoothing effect. ε indicates strong LD

for larger window sizes (6 to 8), but does not reach the peak levels of the

smaller correct window sizes. ε is constantly high over block B1 and increases

with window size. Although ε is not directly applicable to a block of size 20

due to sample size limitations, it strongly indicates LD along the block for

moderate window sizes.

All four blocks can also be recognized by using the pairwise LD measures

D′ and r2 (see figure 3.3): B2 and B3 exhibit complete LD in almost all pairs

while B1 and B4 show a more complex structure. The sharp block borders

are due to the assumption of linkage equilibrium between the interspersed

SNPs and the SNPs in blocks.

3.2.3 An established block structure

Data set description and objective of analysis

Among the first investigators to search for a discrete haplotype block struc-

ture are Daly et al. [30]. They analyzed 103 common SNPs (minor allele

frequency greater than 5%) from a sequence of 500 kb on chromosome 5q31,

resulting in an average distance of 4.9 kb between adjacent SNPs. The data

set included 129 trios (516 independent chromosomes) of European descent.
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Figure 3.3: Typical LD pattern in simulation II. Top: ε values of sliding windows
for a simulation II data set. Bold lines below the graph depict the four blocks generated.
Horizontal lines within the graph depict the windows that assumed the local maxima of ε

(B2–B4) and the maximizing windows at the block borders (B1). Bottom: Pairwise |D′|
values (upper left triangle) and r2 values (lower right triangle) for all SNP pairs from the
same data set. Both measures indicate strong LD within the blocks.
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The authors found several blocks, where only 2–4 haplotypes accounted for

over 90% of the frequencies at these blocks. The blocks were described as

being separated by regions with higher historical recombination frequencies

Θ (see section 1.3). The blocks were composed of five to eleven SNPs, with

the exception of one block that included 31 SNPs.

ε was calculated in this data set to test if it would detect an elsewhere

established block structure. The genotypic data set was obtained from the

web site2. Haplotype frequencies were estimated from the trios using an EM-

based Maximum-Likelihood approach [124]; genotype information from the

children was only used to infer the parents’ haplotypes. ε was calculated for

window sizes between 2 and 8. For comparison, all pairwise values of D′ and

r2 were also calculated.

Analysis results

Figure 3.4 illustrates the values of ε for sliding windows of sizes 2–8 along

the SNP sequence and the pairwise LD values |D′| and r2 [103]. 99 SNPs

within blocks were specified in Daly et al. [30, fig. 2], but another four SNPs

fell between the blocks and were not specified. Thus, the blocks could not

securely be matched with the exact SNP positions in the publicly available

data set.

In general, the whole region exhibits strong levels of LD, presumably due

to the dense marker spacing. ε clearly indicates two blocks of sizes 8 and

5 on the left edge of the sequence (positions 1–8 and 10–14) and a 3-SNP

block (99–101) with very strong LD or an extended 5-SNP block (99–103)

with weaker LD on the right edge. These blocks coincide with the ones

specified in Daly et al. [30, fig. 2] and appear as bold disjointed triangles in

the pairwise LD matrix (fig. 3.4, bottom). The borders of these blocks are

sharp. The sites of more frequent recombination around these blocks from

Daly et al. [30, fig. 2] correspond to the drops of ε (top) and to the sharp

triangle borders (bottom) in figure 3.4.

ε is constantly high over the middle part of the sequence, indicating strong

2http://www-genome.wi.mit.edu/humgen/IBD5/
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Figure 3.4: LD values for the Daly et al. [30] data set. Top: ε values for sliding
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presumed locations of blocks from Daly et al. [30, fig. 2] are depicted by bold lines below
the graph. Bottom: |D′| values (upper left triangle) and r2 values (lower right triangle)
of all SNP pairs. The SNP positions do not represent physical distances.
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long-ranging LD, while also hinting at some substructures with even higher

LD within this area. The drop in the value of ε at SNP loci 81 and 82 strongly

suggests linkage equilibrium in this regions. This region corresponds to the

gap between blocks 7 and 8 stated in Daly et al. [30, fig. 2] and to the bright

lines (low LD) at positions 81/82 in the pairwise matrix (fig. 3.4, bottom).

The positions 9, 15, 20, 25, 36, 46, 59, 71, and 95–98 show similar drops,

but to a lesser extent. Some of them roughly coincide with the block borders

from Daly et al. [30, fig. 2], namely 25, 36, 46 and 81.

However, the genomic region between SNPs 16 and 80 cannot be described

as a series of incoherent blocks. This is not surprising, since this region

contains a haplotype with a frequency of 0.38 [30]; this major haplotype

almost guarantees strong LD for every considered window size. ε recognized

substructures between SNP loci 26 and 35 and between loci 47 and 75 with

even stronger LD that correspond to blocks 4 and 7 in Daly et al. [30, fig. 2].

These results are confirmed by the pairwise LD matrix (fig. 3.4, bottom).

The proposed algorithm from section 2.4 was also applied to the data

set. Small window sizes resulted in high variation of ε and fragmented the

sequence into small blocks. Large window sizes suffered from over-smoothing,

resulting either in blocks resembling almost the whole sequence for smaller

thresholds or in very few extended blocks for high thresholds. For moderate

window sizes (4–5) and thresholds (0.4–0.6), the resulting blocks partially

coincide with those defined in Daly et al. [30], namely blocks of SNPs 1–8,

9/10–14, and 98–103. The influence of window size and threshold on the

block definition is investigated more thoroughly in chapter 4.
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Chapter 4

Block patterns on human

chromosome 12

4.1 Data set description and objective

As part of the international efforts to create a human haplotype map1 that are

now underway, chromosome 12 was sequenced in 30 CEPH (European Amer-

ican) trios by the Human Genome Sequencing Center (HGSC) of the Baylor

College of Medicine2 [29] in collaboration with ParAllele3, using molecular

inversion probe genotyping technology [56]. Given the size of chromosome 12

of about 132 Mb4, a remarkable average density of one SNP per 15.6 kb has

been achieved by June 2003. The data set was kindly provided by Richard

A. Gibbs of HGSC.

Chapter 3 demonstrated that ε reasonably reflects LD and block struc-

ture. The chromosome 12 data set provides the opportunity to look for block

structures on the scale of a whole chromosome of medium size. In this chap-

ter, the proposed ε-based block definition algorithm will be investigated. In

1The International Haplotype Map (HapMap) Project (http://www.hapmap.org/)
2Baylor College of Medicine, One Baylor Plaza, Houston, TX 77030, U.S.A.,

http://www.bcm.tmc.edu/
3ParAllele BioScience Inc., 384 Oyster Point Blvd., South San Francisco, CA 94080,

U.S.A., http://www.p-gene.com/
4By November 2003, the Ensemble web page at http://www.ensembl.org/ stated the

length of chromosome 12 to be 132,018,379 bp.
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particular, the analysis will yield answers to the following questions:

• Is the SNP coverage dense enough to deliver reasonable results?

• Is the algorithm that was proposed in section 2.4 capable of defining

reasonable block structures?

• How do window size and threshold influence the block definition? Which

parameters are suitable?

• How are block length, genome coverage, block haplotype diversity and

other block quality measures influenced by the control parameters?

• How do the results of an ε-based algorithm relate to other LD measures

and algorithms based on them, with an emphasis on D′?

4.2 Analysis of the data set

The analysis is based on the Human NCBI5 Build 31 HapMap Fix 12 from

Baylor College, batches 1 and 2, of chromosome 12 from June 2003. This

release contained 8,475 SNP genotypes. The SNPs were checked for devia-

tions from Hardy-Weinberg equilibrium. 6,815 of these SNPs were found to

be bi-allelic in the sample and considered for further analysis (80.4% of the

original set). The SNPs were further required to have at least 70% known

alleles to protect against strongly biased allele frequency estimates and to

avoid problems during haplotype frequency estimation due to missing data.

Finally, 3,567 SNPs were included in the subsequent analysis (42.1% of the

original set), providing an average, but non-uniform resolution of 37.0 kb.

Values of ε for sliding windows of sizes 2–9 and pairwise values of D′ and

r2 were calculated using self-developed C programs and Perl scripts. Haplo-

type frequencies in a considered window were estimated using an EM-based

algorithm for trios, where the children’s genotypes are only used to infer

the parents’ haplotypes [124]. Families with inconsistent genotypes were ex-

cluded from the estimation in that particular window. Blocks were defined

5National Center for Biotechnology Information
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Figure 4.1: Pairwise LD values in the example region. Pairwise |D′| values (upper
left triangle) and r2 values (lower right triangle) for SNP positions in the region 60–70 Mb
(black lines below and left of the graph). This figure shows some striking similarities
with figure 1.2 on page 12, namely the occurrence of a number of long red bars in the D′

triangle. Again, r2 is not affected by missing haplotypes and assumes higher values, with
few exceptions, only close to the diagonal. This is in clear contrast to D′.
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according to the algorithm from section 2.4 using thresholds 0.1, 0.2, . . .,

0.9. Perl scripts were developed for data handling, processing, block defini-

tion, and rudimentary statistics. R scripts were developed for the statistical

analysis and for the presented figures.

Example region. An example region of SNPs with physical positions be-

tween 60 and 70 Mb was chosen as a persistent illustration of the different

analysis steps. This region roughly corresponds to the regions 12q14.1-3 and

12q15; the filtered sample contained 295 SNPs in this region. Figure 4.1 de-

picts the pairwise values of |D′| and r2 for the example region as the classical

approach to LD description. Figures 4.2 and 4.3 illustrate the typical pattern

of calculated ε values and defined blocks in the example region. The analy-

sis was carried out on the whole chromosome 12 data set, unless otherwise

noted.

4.3 Block lengths and chromosomal coverage

4.3.1 Lengths and coverage of ε-defined blocks

Table 4.1 contains physical length statistics of the blocks that were defined by

the ε-based algorithm. The lengths vary from 2 kb to over 4 Mb. Physical

length and chromosomal coverage, i.e. the proportion of the chromosome

included in blocks, increase with larger window sizes and lower thresholds.

1–5% of chromosome 12 exhibits strongest LD.

ε values for window sizes 2–3 are very variable and result in a fragmen-

tation of the sequence into short blocks. For window sizes 7 and above, the

smoothing problem of ε becomes serious: For low thresholds, blocks become

unreasonably large and contain regions of very low LD. For more stringent

thresholds, coverage decreases rapidly and only a few regions of very strong

LD are defined as blocks. Also, the minimum number of SNPs in a block

is limited by the used window size. Window sizes of 4–6 with thresholds

between 0.4 and 0.6 are a good compromise between multilocus LD assess-

ment and protection against too much variability and over-smoothing. The
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Lengths and coverage of ε-defined blocks on chromosome 12

Threshold Window size
2 3 4 5 6

0.10 47/22 197/124 – – –
2/4412 12/5720 – – –
25.2% 71.41% – – –

0.20 28/16 128/81 250/180 413/301 653/500
2/351 6/5407 14/5825 36/5919 56/7752
12.2% 47.4% 69.5% 85.4% 92.2%

0.30 23/12 91/59 172/116 268/186 355/269
2/262 6/720 12/5376 22/5862 28/5986
7.7% 27.7% 46.4% 63.4% 72.1%

0.40 20/10 59/42 144/79 194/140 277/199
2/245 5/382 11/4638 25/5369 39/5793
4.7% 11.5% 25.8% 35.5% 44.9%

0.50 16/9 45/32 86/63 164/97 223/150
2/148 5/215 12/558 21/4638 24/5369
1.2% 4.1% 9.3% 17.2% 23.4%

0.60 – 46/31 71/47 106/83 207/126
– 97/174 13/382 22/392 32/4638
– 1.8% 2.9% 5.1% 11.1%

0.70 – – 58/40 82/62 102/88
– – 19/148 21/215 28/262
– – 0.6% 0.9% 1.3%

0.80 – – – 25/25 21/21
– – – 25/25 21/21
– – – < 0.1% < 0.1%

Table 4.1: Mean/median and minimum/maximum of the physical block
length [kb], complemented by the chromosomal physical coverage provided
by these blocks. Blocks were defined using the ε-based algorithm (section
2.4) with varying window sizes and thresholds. A threshold of 0.1 for mod-
erate and large window sizes resulted in nearly complete coverage and many
overlapping blocks.

block lengths for these parameters vary from 10 kb to again over 4 Mb, with

medians ranging from 31 kb to about 200 kb, and a physical chromosomal

coverage between 2% and 36%. In general, these block lengths fit into the
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picture found in previous studies (see p. 16) but the chromosomal coverage is

lower. This could be due to the minimum number of SNPs per block required

by the used window size. Thus, the higher coverage in Dawson et al. [32]

and Phillips et al. [109] would be due to a large proportion of 2- and 3-SNP

blocks. This is further investigated in section 4.7.

Correlation coefficients between the blockwise mean values of ε and the

physical block lengths were calculated separately for each combination of

window size and threshold. The coefficients varied from -0.13 to 0.44, but

were usually confined to [0.1, 0.3]. Thus, the strength of LD had only a mild

effect on the block length within the threshold-defined groups.

4.3.2 The origin of the block length distribution

ε and block length are not strongly correlated, once the blocks are defined

by ε. Thus, the question about the primary origin for the block length

distribution within the threshold-defined groups arises. Figure 4.4 illustrates

the block length distributions for two different window sizes and various

thresholds in the block definition. For window size 2, the pattern of a highly

skewed distribution of the block length confirms previous studies that used

pairwise LD measures [46, 132, 109]. For larger window sizes, the skewness of

the distribution decreases (see fig. 4.4). How can this pattern be explained?

The black lines in figure 4.4 illustrate the distribution of the physical size

of windows with two and five SNPs, respectively. These curves have very sim-

ilar shapes, when compared to the block length distributions. This indicates

that the SNP distance distribution is the primary origin of the block length

patterns. To describe this concordance more formally, the Bhattacharyya

concordance measure [15] for two probability distributions with densities f1,

f2 was used. The measure is defined as

DB =

∫ b

a

√
f1(x)f2(x)dx (4.1)

and assumes 1 if the distributions are identical and 0 if the distributions do

not overlap. Table 4.2 lists the comparison results for various window sizes

and thresholds. For medium range thresholds that are considered useful

51



Concordance of block length and SNP distance distributions

Window size
Threshold 2 3 4 5 6

0.1 0.991 0.869 0.726 0.500 0.256
(716) (483) (278) (140) (55)

0.2 0.992 0.948 0.869 0.797 0.697
(575) (496) (393) (302) (211)

0.3 0.984 0.976 0.956 0.927 0.886
(445) (406) (378) (337) (304)

0.4 0.975 0.985 0.982 0.970 0.949
(307) (260) (272) (256) (232)

0.5 0.935 0.952 0.952 0.952 0.954
(99) (123) (146) (142) (145)

0.6 – 0.952 0.896 0.941 0.927
(0) (51) (55) (66) (74)

0.7 – – 0.854 0.791 0.754
(0) (0) (14) (14) (17)

Table 4.2: Concordance of the block length distributions and the SNP dis-
tance distribution on chromosome 12 as assessed by the Bhattacharyya mea-
sure DB (4.1), using intervals (bins) of size 25 kb. The number of blocks is
given in parentheses. For medium window sizes (4-6) and thresholds (0.4-
0.6) the distributions are nearly identical. Deviations for high thresholds
are explained by the insufficient number of blocks to reliably estimate the
empirical block length distribution.

(see section 4.3.1), both distributions are nearly identical.The distributions

deviate from one another for larger window sizes and extreme thresholds.

For low thresholds, the resulting “blocks” do not resemble LD blocks.

4.4 Haplotypes in ε-defined blocks

To investigate the influence of ε on the number and the pattern of haplotypes

in the blocks, the haplotype frequencies within the blocks were estimated.

Blocks that were defined by window sizes 2–6 and thresholds between 0.2–0.7

were considered. Due to computer memory and sample size limitations, this
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Figure 4.4: Distributions of physical block lengths and SNP distances. His-
togram of the distributions of the physical block lengths (colored) and of the physical sizes
of the sliding windows (black) for window sizes of two SNPs (top) and five SNPs (bottom)
that were used with different thresholds in the block definition. The number of detected
blocks is given in parentheses. Although not identical, the distributions of window size
and block length are very similar in both cases. Lines instead of bars were chosen in the
histogram to enable the simultaneous illustration of a number of distributions.53



Common haplotypes in ε-defined blocks

ε t = 0.05 t = 0.10 t = 0.20
Win. Thr. HT Cov.[%] HT Cov.[%] HT Cov.[%]

2 0.1 3.0/3 97.0/98.3 2.5/3 93.4/95.7 1.8/2 83.5/84.9
0.3 2.1/2 98.1/99.0 1.9/2 96.3/97.3 1.7/2 93.7/95.3
0.5 2.0/2 100.0/100.0 2.0/2 99.7/100.0 1.9/2 98.2/100.0

3 0.2 4.4/4 91.8/94.0 3.1/3 82.3/84.4 1.7/2 64.0/66.6
0.4 3.0/3 96.4/97.2 2.4/2.5 92.5/93.5 1.8/2 82.9/83.6
0.6 2.0/2 99.2/99.2 1.9/2 98.5/99.2 1.7/2 95.4/98.3

4 0.2 5.4/5 76.8/80.5 2.9/3 60.6/65.1 1.5/1 46.8/45.8
0.4 4.0/4 92.5/94.4 2.9/3 84.7/86.6 1.8/2 68.9/71.1
0.5 3.2/3 95.3/95.8 2.6/3 90.9/92.2 1.8/2 80.1/80.3
0.6 2.6/3 96.8/97.5 2.2/2 94.5/94.1 1.8/2 88.4/89.2
0.7 2.0/2 99.0/99.2 2.0/2 99.0/99.2 1.8/2 95.5/98.7

5 0.2 5.4/5.5 61.9/63.6 2.4/2 44.7/42.0 1.2/1 36.7/28.3
0.4 4.9/5 85.5/87.4 3.1/3 72.9/75.4 1.6/2 53.9/53.2
0.5 4.0/4 91.6/93.1 2.8/3 83.7/85.8 1.8/2 69.3/70.7
0.6 3.1/3 94.3/95.2 2.7/3 90.8/91.9 1.9/2 79.8/79.2
0.7 2.3/2 95.8/97.0 2.1/2 94.0/93.7 1.8/2 89.7/91.1

6 0.2 4.3/4 45.6/42.8 2.1/2 38.8/39.3 1.3/1 40.5/38.0
0.4 5.2/5 77.3/80.2 2.8/3 61.3/62.9 1.4/1 45.5/43.3
0.5 4.7/5 86.5/88.3 3.1/3 75.8/78.3 1.7/2 55.7/56.5
0.6 3.9/4 91.9/92.9 2.9/3 84.9/85.7 1.8/2 69.3/70.7
0.8 2.0/2 97.4/97.4 2.0/2 97.4/97.4 2.0/2 97.4/97.4

Table 4.3: Common haplotypes in ε-defined blocks on chromosome 12. Blocks
were defined by various window sizes (Win.) and thresholds (Thr.) for ε.
Listed are the mean/median number of haplotypes (HT ) with frequencies
above threshold t and the mean/median frequency coverage provided by them
(Cov.).

was only feasible for blocks of 12 SNPs or less. This is no strong limitation,

since most blocks had fewer markers.

Table 4.3 lists the average numbers of common haplotypes above cer-

tain frequency thresholds in ε-defined blocks and the coverage they provide.

Results for thresholds 0.3 and 0.7 fit very well into the trend and were omit-

ted from the presentation. For larger window sizes and low block-defining

thresholds, the common haplotypes provide only modest coverage, thereby
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indicating the existence of a number of low-frequency haplotypes at the block.

More stringent thresholds for larger window sizes, roughly along the line 4–

0.4, 5–0.5, 6–0.6, result in more than 80% coverage by three or less haplotypes

with frequencies above 0.1 on average and five or less for frequencies above

0.05. The number of common haplotypes in these blocks varied from 1 to 6.

For highest thresholds per window size, e.g. 0.7 for window size 4, there are

usually two haplotypes that explain nearly all variation at the block.

4.5 Allele frequencies in ε-defined blocks

The minor allele frequency distribution of all SNPs in the sample was esti-

mated and compared to those of SNPs that were included in ε-defined blocks.

The result is illustrated in figure 4.5. The allele frequency distribution in the

sample is similar to previous studies [109].

About 35% of the SNPs that are included in blocks have minor allele

frequencies above 0.4, when higher block thresholds are used. Thus, common

SNPs are enriched in ε-defined blocks with high LD, when compared to the

sample distributions. The enrichment becomes higher for increasing LD.

Still, some rare SNPs are also included, but to a lesser extent than in the

sample. For thresholds ≥ 0.5, about 90% of the SNPs are common, with

minor allele frequencies above 0.1.

4.6 Pairwise LD measures in ε-defined blocks

Half of the algorithms previously proposed for the definition of block are

based on the pairwise measure D′. It was, therefore, investigated, how ε-

defined blocks relate to this measure and also to r2. To this end, the correla-

tions of the mean values and the median values of |D′| and r2 with the mean

ε values were calculated, separately for each used window size and threshold.

Figure 4.6 illustrates the striking contrast between the pairwise measures

for window size 4. While the blockwise mean values of r2 and ε sometimes

show a very strong correlation, the mean values of |D′| and ε are only weakly
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2 0.1 2161
0.2 1488
0.3 1059
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0.5 215

3 0.2 2471
0.3 1776
0.4 1018
0.5 442
0.6 175

4 0.2 2991
0.3 2296
0.4 1489
0.5 744
0.6 257

5 0.3 2695
0.4 1801
0.5 945
0.6 404
0.7 83

6 0.3 2959
0.4 2039
0.5 1167
0.6 532
0.7 126

7 0.3 3187
0.4 2279
0.5 1381
0.6 649
0.7 182

8 0.3 3361
0.4 2524
0.5 1500
0.6 736
0.7 234

Figure 4.5: Minor allele frequency distribution for all SNPs in the sample and
for SNPs included in ε-defined blocks. Columns on the left specify the window size
and threshold used for the block definition, whereas the numbers of SNPs included in
those blocks are given on the right. Blocks of higher LD show a clear trend of enriching
very common SNPs.
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Figure 4.6: Plot of ε vs. r2 and ε vs. |D′| in ε-defined blocks. Mean ε values
vs. mean r2 values (top) and mean |D′| values (bottom), respectively, in blocks defined by
various thresholds for ε4. There is strong correlation between the mean values of ε4 and
r2 within the threshold-defined groups (colored dotted lines), but almost none between
values of ε and |D′|.
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Correlation between ε and r2/|D′| in ε-defined blocks

r2/|D′| Window size
Threshold 2 3 4 5 6

0.2 0.96/ 0.40 0.56/ 0.09 0.55/ 0.11 0.48/ 0.06 0.55/-0.00
0.3 0.97/ 0.49 0.62/ 0.22 0.50/ 0.19 0.48/ 0.09 0.48/ 0.08
0.4 0.98/ 0.41 0.73/ 0.25 0.54/ 0.09 0.47/ 0.11 0.39/ 0.00
0.5 –/– 0.91/ 0.27 0.59/ 0.18 0.37/ 0.13 0.33/-0.07
0.6 –/– 0.97/ 0.42 0.66/ 0.14 0.45/ 0.10 0.31/ 0.13
0.7 –/– –/– 0.93/– 0.38/ 0.58 0.11/ 0.24

Table 4.4: Correlations between the mean values of ε and the mean values
of r2 and |D′|, respectively, with regard to window size and threshold in the
block definition. The strong correlation between ε and r2 weakens with larger
window sizes.

correlated; the mean of ε roughly serves as a lower boundary for the mean

of |D′|.
Table 4.4 lists the mean value correlations for most pairs of window sizes

and thresholds. The correlation between the mean values of ε and |D′| is con-

siderable only for highest thresholds for ε, e.g. window size 5 and threshold

0.7. The mean values of ε and r2 are often highly correlated within the win-

dow size and threshold defined subgroups. This correlation becomes weaker

for larger window sizes. The correlations are weaker for blockwise median

values (data not shown).

4.7 Comparison of algorithms

To compare the outcome of the proposed algorithm from section 2.4 to that of

other methods and to emphasize the different objectives of D′-based methods

(recombination) and those based on ε and r2 (LD), various algorithms were

applied to the data set.

Applied algorithms. Half of the existing algorithms are based on D′ and

use differing thresholds for the minimum of all pairwise |D′| values or for the

confidence intervals of it. To represent these pairwise methods, a minimum
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|D′| algorithm was applied with thresholds 0.2, 0.8, and 1.0. This method

considers a set of successive SNPs to be a block, as long as |D′| does not

drop below the specified threshold for each pair of these SNPs. So far, no

methods have been published that are based on r2. To look at the potential

of those methods, algorithms similar to the above defined |D′|-based ones

were applied. They require the minimum r2 or the mean r2 value of all SNPs

of a block to be above a certain threshold. Thresholds of 0.1, 0.3, and 0.5

were considered.

The ε-based algorithm from section 2.4 was applied using window sizes

4–6 and thresholds 0.2–0.6. Pairwise LD values were calculated using self-

developed C programs and an EM-based haplotype estimation algorithm

[124]. The block definition algorithms were implemented in R.

Results. Figure 4.7 illustrates the resulting blocks for the different block

methods in the example region. The outcome for D′ – a virtual segmentation

into many small blocks – differs strongly from the other LD measures’ out-

come. Both r2-based methods yield the more similar results to the ε-based

approach. Blocks defined by r2 are often smaller; some blocks are completely

missing in either way. ”3+”denotes the additional requirement of at least 3

SNPs per block. This considerably reduces the number of blocks for the pair-

wise methods, especially for D′. Patterns for r2 and ε4 with higher thresholds

look similar under this condition.

Table 4.5 presents the block lengths and chromosomal coverage yielded

from the various methods. The very high SNP coverage of 72.7% for |D′| =
1.0 contrasts with only 35.9% physical coverage and is due to the non-uniform

distribution of the SNPs on the chromosome. It essentially means that for two

arbitrarily chosen adjacent SNPs, at least one out of the four haplotypes is

missing with a probability of about 0.7. In general, pairwise methods utilizing

D′ and r2 find many more blocks than the ε-based algorithm, but these blocks

are smaller and contain fewer SNPs. Depending on the thresholds used, the

physical coverage is comparable. If at least three SNPs are required to be

in a block, the picture changes dramatically. The number of blocks and

their coverage is reduced by roughly 50%, whereas the physical block length
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Figure 4.7: Illustration of blocks derived from |D′|, r2, and ε. Block definition
results, using methods based on ε, |D′|, and r2 and various thresholds (see text) for SNP
positions in the example region (60–70 Mb, black lines below the graph). 3+ designates
the complementary condition that blocks are required to contain at least 3 SNPs to be
considered.
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Length and coverage of blocks derived from D′, r2, and ε

Method Blocks SNPs per block Physical block length [kb]
Mean Med. Coverage Mean Med. Coverage

min |D′| = 1.0 1078 2.63 2 72.7% 44.4 24.2 35.9%
3+ 421 3.65 3 42.0% 69.7 43.1 22.0%

min |D′| ≥ 0.8 1133 2.98 2 85.0% 55.3 31.5 47.0%
3+ 543 4.06 4 59.3% 80.5 52.3 32.8%

min |D′| ≥ 0.2 936 4.21 4 98.2% 115.8 73.0 81.3%
3+ 703 4.96 4 90.2% 137.0 90.9 72.2%

min r2 ≥ 0.5 563 2.42 2 37.7% 27.2 14.6 11.5%
3+ 151 3.61 3 15.3% 53.4 35.1 6.1%

min r2 ≥ 0.3 740 2.59 2 52.2% 40.9 19.3 22.7%
3+ 239 3.86 3 25.8% 80.2 41.5 14.4%

min r2 ≥ 0.1 563 2.83 2 74.2% 50.8 25.9 38.2%
3+ 151 4.09 4 45.8% 83.0 47.4 25.3%

mean r2 ≥ 0.5 486 3.04 2 41.8% 54.3 18.9 19.8%
3+ 190 4.69 4 25.3% 113.3 54.0 16.2%

mean r2 ≥ 0.3 510 4.38 3 63.6% 108.1 46.1 41.4%
3+ 327 5.74 4 53.6% 152.5 81.1 37.4%

mean r2 ≥ 0.1 240 13.23 9 92.3% 447.8 277.1 80.6%
3+ 203 15.29 11 90.6% 525.0 346.9 80.0%

ε4 ≥ 0.6 55 4.78 4 7.2% 71.2 47.4 2.9%
ε4 ≥ 0.5 146 5.23 5 20.9% 85.9 62.8 9.3%
ε4 ≥ 0.4 272 5.81 5 41.7% 144.2 79.2 25.8%
ε4 ≥ 0.3 378 6.61 6 64.4% 171.6 116.5 46.4%
ε4 ≥ 0.2 393 8.36 7 83.9% 249.9 180.5 69.5%

Table 4.5: Mean & median (Med.) of the number of SNPs per block and the
physical block length [kb], supplemented by the chromosomal block coverage
(Cov.). Blocks were defined by pairwise methods utilizing min |D′|, min r2,
and mean r2 and by the ε4-based method with various thresholds. “3+”
denotes the additional requirement of at least 3 SNPs per block.

approximately doubles. Thus, the majority of blocks that are defined by the

pairwise methods are actually just pairs.

Pairwise and ε-based methods differ in the number of blocks and their

lengths. The question then arises if the longer blocks that are defined by

ε are simply mergers of blocks that are delivered by the pairwise methods,

61



Concordance of SNPs in blocks derived from D′, r2, and ε

pair → ε/ε → pair ε4 ≥
[%] 0.2 0.3 0.4 0.5 0.6

Method SNPs 2991 2296 1489 744 257
min |D′| = 1.0 2592 88.3/76.6 72.0/81.3 49.6/86.3 26.1/91.0 9.7/97.7

3+ 1623 91.7/49.7 80.5/56.9 61.7/67.3 35.4/77.2 14.3/90.3
min |D′| ≥ 0.8 3033 87.2/88.4 69.3/91.5 46.7/95.2 24.1/98.4 8.5/100.0

3+ 2218 91.9/68.1 77.8/75.1 57.8/86.1 31.8/94.9 11.5/98.8
min |D′| ≥ 0.2 3502 84.3/98.7 65.0/99.1 42.4/99.7 21.2/99.9 7.3/100.0

3+ 3279 85.8/94.1 67.2/95.9 44.4/97.9 22.4/98.9 7.8/99.6
min r2 ≥ 0.5 1346 99.0/44.5 89.6/52.5 70.0/63.3 43.7/79.0 17.4/91.1

3+ 574 99.8/19.2 98.8/24.7 92.0/35.5 73.2/56.5 39.2/87.5
min r2 ≥ 0.3 1861 96.5/60.0 83.9/68.0 62.1/77.6 35.8/89.5 13.4/96.9

3+ 972 99.3/32.3 96.3/40.8 83.7/54.7 58.2/76.1 25.4/96.1
min r2 ≥ 0.1 2645 90.5/80.0 73.5/84.7 50.9/90.4 27.1/96.2 9.5/98.1

3+ 1695 97.2/55.1 87.9/64.9 67.6/77.0 39.5/89.9 14.7/97.3
mean r2 ≥ 0.5 1490 99.1/49.3 90.1/58.4 70.3/70.4 42.8/85.8 16.2/94.2

3+ 929 99.9/31.0 97.6/39.5 86.7/54.1 61.6/76.9 25.9/93.8
mean r2 ≥ 0.3 2270 96.2/73.0 82.2/81.3 58.5/89.1 31.4/95.7 11.2/99.2

3+ 1952 98.2/64.1 88.1/74.9 65.2/85.4 36.2/94.9 13.1/99.2
mean r2 ≥ 0.1 3294 87.2/96.0 67.8/97.2 44.7/98.8 22.4/99.3 7.8/100.0

3+ 3233 88.2/95.3 68.6/96.6 45.4/98.5 22.8/99.1 7.9/99.6

Table 4.6: Concordance of SNP inclusion in blocks by different methods.
The percentage of SNPs included in blocks by one method that were also
included by the other method (pairwise → ε/ε → pairwise). “3+” denotes
the additional requirement of at least 3 SNPs per blocks. “SNPs” states the
total number of SNPs included by a particular method and threshold.

or if these blocks do not coincide. To this end, the proportions of SNPs

included in blocks by a pairwise method that were also included by the ε-

based method and vice versa were calculated. The results for window size 4

are listed in table 4.6. Results for size 5 were similar.

Most SNPs included by ε are also found by D′, but less than 50% the

other way around. This is not surprising, given the high proportion of SNPs

that are in complete LD with at least one adjoining SNP (> 70%). 60–70%

percent of the SNPs in r2-defined blocks for thresholds > 0.3 are also found
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Figure 4.8: Minor allele frequency distribution for all SNPs in the sample
and for SNPs included in blocks derived from |D′| and r2. Columns on the left
specify the pairwise LD measure and the threshold used for the block definition, whereas
the number of SNPs included in those blocks is given on the right. Blocks of higher r2

show a clear tendency to enrich very common SNPs. |D′|-based blocks show an opposite
tendency to include rarer SNPs.

by ε4 ≥ 0.4. On the reverse, for medium window sizes of ε, most of the

block SNPs belong to regions with elevated values of r2. If again three SNPs

per block are required, these figures change. |D′| = 1.0 and ε4 ≥ 0.4 only

agree on about two thirds of the SNPs, despite approximately similar SNP

coverage rates (cf. table 4.5). For higher ε thresholds, D′ includes a higher

proportion of SNPs. Most of the SNPs included by both r2 methods with

threshold 0.5 are also included by ε4 ≥ 0.4.

Figure 4.8 illustrates the SNP minor allele frequency distributions in

blocks derived from pairwise LD measures. r2 enriches very common SNPs

in blocks, similar to ε-derived blocks (see p. 56). The result for D′ is quite

the opposite. The allelic proportions remain nearly the same, with a slight

tendency to include more rare SNPs.
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Chapter 5

Discussion

5.1 The measure ε

Assumptions & Features. Linkage disequilibrium (LD) between loci is

defined as the deviation of the haplotype frequencies from their expectation

under independence (linkage equilibrium). There are a number of useful pair-

wise LD measures, but multilocus measures have been traditionally scarce.

The proposed measure ε utilizes the long-established concept of entropy by

considering a number of loci as a system and the haplotypes at these loci as

the possible states of the system. Like D, ε compares the observed state to

the expected one under equilibrium. In analogy to the common pairwise mea-

sures D′ and r2, it normalizes the difference to allow for comparison between

different sequences. ε can be interpreted as the relative gain in structure of

a loci sequence due to LD.

In theory, an unlimited number of loci can be incorporated into ε’s LD

assessment. Thus, ε is a true multilocus measure for LD and overcomes

a major drawback of pairwise measures that are blind against multilocus

LD. The problem with pairwise measures — that of how to summarize their

values for longer marker sequences to approximate multilocus LD — vanishes.

However, the number of loci is limited in applications by the necessity to

estimate haplotype frequencies in the population, either by direct sequencing

or by estimating them from phase-unknown genotypic data. Rare haplotypes
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often contain information on past recombination events. Not including this

information, whether by small sample sizes that often miss rare haplotypes

or by setting lower frequency limits to protect against errors, can lead to

inflated estimates of LD, as will be discussed later. Usually study settings

will enable ε to consider 8–12 loci at the most.

Although the number of loci that can be considered at one time by ε is

limited, longer-ranging LD can be approximated by the use of sliding win-

dows. Also, the separation of high order LD effects from medium order

effects would require impossibly large sample sizes. ε provides convenient

profiles to describe LD along loci sequences. When very long loci sequences

are considered, the increasing number of marker pairs may cause problems

in the calculation and combination of pairwise LD measures. The ε measure

operates sequentially and is, therefore, not affected by an exponentially in-

creasing number of pairs. On the other hand, ε is blind against LD between

markers that are more distant than the specified window. More sophisticated

algorithms that allow for the exclusion of in-between markers are needed for

assessing LD in sequences of non-adjacent SNPs. These methods are not

as straightforward as the pairwise value matrix approach due to the higher

number of loci being considered.

ε is sensitive to the number of haplotypes and their frequency pattern.

Since ε targets LD, it can distinguish between different degrees of LD and

does not share the indicator-like behavior of D′ for missing haplotypes that

are often, but not always, due to missing recombination events. ε cannot

equal 1, so there is no equivalent to “perfect” or “complete” LD. Common

pairwise LD measures only focus on allelic combinations instead of on a se-

quence of loci. For more than two loci or alleles, the ability of D (1.2) to

simultaneously describe all haplotypic deviations from equilibrium is lost.

Higher-order deviation terms [14, 156] are haplotype-specific and need yet to

be combined into a single LD expression. ε preserves D’s feature with regard

to a sequence loci by incorporating all haplotypic deviations into a single ex-

pression for the allelic structure. It is, therefore, sequence-oriented, treating

the set of haplotypes as one unit, rather than each haplotype separately.

ε measures LD, conditional on the marginal frequencies that are observed
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in the sample. It does not make model assumptions about population his-

tory, selective neutrality of the loci under consideration, and other parame-

ters. Thus, ε uses an empiric, non-parametric approach. This approach is

in concordance with D-based pairwise measures, but in contrast to proposed

parametric LD measures [98, 113, 8]. Those measures require the modelling

of the population history and the genetic region under consideration, the

incorporation of recombination rates and other parameters into the model,

and the estimation of the model parameters from the sample data and some-

times other sources. It is not yet clear how the violation of one or more of

these assumptions, e.g. due to a disease susceptibility locus under selection

pressure, will affect LD assessment. Population histories are often not known

in detail and are, therefore, difficult to quantify. For example, consider the

often unknown proportion of a population that fell victim to famines and

other catastrophes at certain points in its history, or the degree of admix-

ture and migration in borderland regions, in immigration societies, or during

war-time. A non-parametric measure, although possibly missing information

on the particular population history, might turn out to be more robust in its

LD assessment.

Population bottlenecks are likely to decrease the variation in a sequence

under consideration. The reduced number of haplotypes will lead to an in-

crease in LD. Population admixture presumably increases multilocus LD due

to deviations from Hardy-Weinberg equilibrium, but this effect and its impli-

cations for ε need further investigation, since deviations are not necessarily

the same for multiple markers and might have opposing effects. The pair-

wise measures, and D′ in particular, show considerable variance in their LD

assessment. ε could show lower variance, due to its joint consideration of not

only two, but usually more, loci that have potentially different histories and

allele frequencies, and due to the its smoothing effect. The potentially lower

variance of ε needs further investigation in the future.

ε assumes the sample to be representative of a single population. If this

assumption is violated, e.g. due to sample stratification, then ε will indicate

possibly inflated LD. Appropriate sampling schemes that are designed to

protect against spurious LD in real-world applications need to be employed.
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Only a fixed number of loci are considered for the calculation of ε; no phys-

ical distance information whatsoever is incorporated into this calculation.

However, since LD itself is highly variable over physical distances, depending

on the region and the population under investigation, such an incorporation

is only useful with a parametric approach in which this factor is explicitly

modelled.

The multilocus measure proposed by Sabatti & Risch [127] compares sin-

gle marker homozygosities to the haplotypes’ homozygosity. The rationale

is to measure similarity between marker alleles on the same haplotype. To

formulate an LD measure, they normalize the difference of the homozygosity

values to [−1, 1] by assessing the extreme values of the difference in a com-

putationally demanding approach. This measure is similar to D′, r2, and ε

in that it normalizes a difference between an observed and an expected value

under independence, while assuming the marginal frequencies to be fixed. It

also yields a single expression for LD. However, the measure is difficult to

interpret and quickly becomes infeasible to calculate with increasing numbers

of loci. Haplotype diversity criteria from various proposed block detection

algorithms provide only an indirect assessment of multilocus LD.

As has been shown in section 2.3, the entropy difference ∆S provides

an approximate χ2 test for a significant deviation of the haplotype frequen-

cies from equilibrium. Thus, the pair (ε, ∆S) allows for the simultaneous

assessment of strength and significance of LD. ε and r2 share a number of

similarities, namely their ability to distinguish different degrees of LD, the

simultaneous assessment of strength and significance of LD, their ties to like-

lihood theory, the approximate coincidence of ∆S and r2 for two bi-allelic loci

with intermediate allele frequencies, and the high correlation between their

mean values in ε-defined blocks. Therefore, ε can be considered a generaliza-

tion of r2 to haplotypes of more than two bi-allelic loci. This relationship is

even more advantageous, as the value of ∆S indirectly relates to the increase

of the required sample size to achieve a certain power in disease association

mapping [113], as does r2 for the two-loci case [146, 8]. For extreme marginal

allele frequencies, ε diverges from r2. Also, the correlation becomes weaker

for longer sequences. ε summarizes the information from the pairwise r2 to a
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large extent, while additionally adding multilocus LD information. An exten-

sion of ε to multi-allelic markers that might be useful in future applications

is straightforward.

Common haplotypes. The simulation of data sets allows for the control

of hidden, unobserved factors in the data. Methods of analysis can be eval-

uated under a wide range of conditions by varying the parameters, e.g. the

sample size, in the data sets. The results can give insight into a method’s

behavior in real-world applications. However, simulated data sets are almost

always too pure in comparison to real data sets due to the limited set of

assumptions and the lack of hidden factors. Therefore, the interpretation of

results from simulation studies requires caution.

The simulation studies from section 3.1, where only common haplotypes

are employed in the estimation of ε and where their frequencies are re-scaled

so that they sum to 1 (εcmn), demonstrated a persistent bias in the estimates

of ε, when compared to εall, where all haplotypes were used. The positive bias

that was found in most cases was predictable. For most replications in the

simulations, the bias of εcmn−εall was confined to 0–0.15 (few rare haplotypes)

or 0.05–0.2 (many rare haplotypes) when the common haplotypes provided

90% frequency coverage. So, while all haplotype frequencies should be used

for the calculation if possible, ε could still be used with some reliability,

when only common haplotypes that provide 90% coverage are known. Rare

haplotypes contain information on past recombination events that lowered

LD in the specified region. Not including this information in the estimation

will usually result in inflated estimates of LD.

Rather surprising is the observation that εcmn is sometimes negatively

biased, i.e. it estimates LD to be lower than εall. This was the case for a

small proportion of the replications. Closer inspection of these replications

revealed that the bias of εcmn is caused by the interplay of the number of

rare haplotypes and the number of SNPs that become mono-allelic if only

common haplotypes are considered. A mono-allelic SNP lowers the effective

number of SNPs considered for the calculation of ε by 1 and, thus, decreases

the value of εcmn. SNPs with rare alleles have a similar effect. Mono-allelic
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SNPs are more likely to occur with fewer common haplotypes. This explains

the decreasing variance of εcmn − εall with a growing number of common

haplotypes.

The data simulations allowed no further assumptions about the haplo-

types in those blocks; each possible haplotype had the same probability of

being included in the pool from which the data sets were sampled. Thus, hap-

lotypes were unrelated. This can result in artificially low values of LD in the

blocks, since haplotypes evolve from one another if no population migration

or admixture are considered. In real-world populations, rare haplotypes of-

ten differ from the other haplotypes only by a single rare SNP allele, whereas

the simulated data sets tend to have more diverse haplotypes. In real-world

data sets, the number of SNPs that are mono-allelic in common haplotypes

can become larger. The window-size reducing effect in the calculation of ε is

then strengthened. Thus, this study considered a worst-case scenario. The

bias of εcmn can be predicted to be smaller in real data sets.

Data simulation programs utilizing the coalescent model [63, 110] were

also considered. This model is based on the insight that, under a selectively

neutral model, the process of neutral mutations can be separated from the

genealogical process to explain an observed sequence [101, 125]. More pa-

rameters, such as bottlenecks, population growth, and recombination, can

be incorporated into the model. Unfortunately, tests with a larger number

of parameter settings often yielded unreasonably high values of LD when

compared to those that were found in real-world data sets, with complete

LD between almost all markers. Also, simulating haplotype blocks with a

fixed number of SNPs that are embedded in a sequence of additional SNPs

that are in linkage equilibrium was not possible with the programs, nor was

a priori specification of the number of haplotypes. Therefore, the coalescent

model was determined to be inappropriate for this application and was not

further considered.

LD assessment. The application of ε to both simulated and real-world

data sets demonstrated that the measure reasonably describes LD and block

structures. Under ideal conditions, where a sequence of loci in LD was sur-
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rounded by additional loci in linkage equilibrium, ε assumed its maximum

value for the window size matching the block with regard to length and lo-

cation for most replications. Larger windows showed a smoothing effect, i.e.

an only partial drop of ε, when the window included loci in linkage equilib-

rium. The effect became stronger for larger windows. ε used with smaller

window sizes usually separated adjacent blocks with no SNPs between them.

Larger windows detected LD but could not separate between the different

blocks due to the smoothing. This makes larger window sizes of 8 SNPs or

above impractical for use in sliding windows, although they are still useful for

the assessment of LD in those sequences. Over longer blocks, where ε could

not be applied due to sample size limitations, it persistently indicated high

LD values due to the nearly constant haplotype frequencies in the smaller

windows. Although not describing LD in the block directly, ε approximated

it with smaller window sizes. Feasible sample sizes do not allow differentia-

tion of LD effects of high order from those of lower order, so almost all the

information on LD is captured by the smaller windows.

Finally, ε re-detected several blocks of an established block structure in a

previously described data set [30]. These blocks were characterized by sharp

borders. Some other block borders were not supported due to reduced values

of ε. The region under consideration showed elevated to high values of LD

and an embedded sub-region with even higher values. This substructure was

described by ε, but not by the D′-based method [30]. The method used by

Daly et al. [30] aimed at recombination events and therefore used D′ in the

block definition. The differing block patterns between both measures can be

explained by their differing objectives.

5.2 The ε-based block definition algorithm

The existing block definition algorithms form two groups that pursue dif-

ferent objectives. Chromosomal coverage (CC) methods seek to describe a

maximum amount of the genetic variation by a minimum number of haplo-

types. Therefore, they result in a partitioning of the region, the chromosome,

or the genome under investigation into blocks. They do not, however, look
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for regions of elevated LD; this is a mere side effect of the approach. Methods

that pursue the latter objective rather differentiate between regions of high

and low LD (island approach). Regions of high LD are marked as blocks,

whereas other regions remain unmarked.

The ε measure directly describes LD and is sensitive to both, the number

of present haplotypes and their frequency pattern. Thus, it combines basic

ideas behind both existing block definition approaches, but specifically tar-

gets LD. The ε-based algorithm proposed in section 2.4 follows the island

approach: in analogy to existing D′-based methods, it defines blocks as con-

tiguous regions of increased LD, separated by regions of decreased LD. The

ε-based algorithm delivers regions of higher structure with regard to LD. It

additionally allows for description of embedded substructures, as seen in its

application to the data set from Daly et al. [30], where the SNP spacing in a

region was too dense to be separated into clear disjointed blocks.

The ε-based approach is broader than the CC approach; it describes a

fundamental feature of a region or a chromosome that can be utilized for more

than one purpose. Regions of low LD will either have rare SNPs or many rare

haplotypes. CC methods will result in very short, often single-SNP blocks

in those regions. The definition of haplotype-tagging SNPs (htSNPs) within

these blocks is futile. CC methods also require the estimation of potentially

very long haplotypes. But the sample size limits the length of haplotypes,

whose frequencies can reliably be estimated, and therefore also the maximum

number of SNPs in a block that CC methods can detect. In contrast, ε-

defined blocks require a minimum number of SNPs per block due to the size

of the window used, but can contain a theoretically unlimited number of

SNPs. For sparser SNP maps, the minimum number of SNPs in a block is

a limitation, since LD between two SNPs will often pass undetected for a

window size of 4, even if they are relatively distant. For higher resolutions,

this problem will vanish.

For sparse densities of SNPs covering the genomic region under investiga-

tion, a clear block-like pattern, with sharp borders that are caused by steep

drops of ε, is likely to occur. This pattern will vanish when the SNP map

becomes denser, and will give way to a more gradual LD decay, even close
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to recombination or gene conversion hot spots. Very strict block algorithms

that exclude any recombination [154] will result in very small blocks. The

optimal criterion for the block definition is a trade-off between short, but

rather “pure” blocks — i.e. with few haplotypes and little genomic coverage

— and longer, but rather “impure” blocks — i.e. with smaller degrees of

LD and more haplotypes, but also higher coverage. The choice of window

size and threshold in the proposed algorithm and the interpretation of the

resulting blocks will depend on the objective of the analysis.

The ε-based algorithm has two major drawbacks. Due to the inevitable

smoothing effect of window sizes larger than 2, the ε-based algorithm yields

longer blocks on average and often includes SNPs at the block edges that are

only in weak LD with SNPs in the block core, particularly for low thresholds.

Also, the use of longer windows can result in overlapping blocks. To make

the block assignment of each SNP unique, the algorithm can be refined by

implementing a max-cut feature. For overlapping blocks, the block with the

highest mean value of ε will be considered most important and accepted. The

SNPs from the block are removed from the SNP sequence, and the sequence is

divided into two independent subsequences. The algorithm iteratively defines

blocks of highest ε values in the remaining sub-sequences, removes their

SNPs, and creates more subsequences, until there are no more overlapping

blocks. Pairwise measures, either r2 or ε2, can be considered to remove SNPs

from the block edges, for example if all pairwise values with such a SNP

drop below a certain threshold. This approach could, however, also discard

existing multilocus LD information and should be investigated further.

5.3 Blocks on human chromosome 12

The ε-based algorithm has been applied to a whole chromosome data set.

After filtering, the analyzed chromosome 12 data set provided an average

density of 37.0 kb between adjacent SNPs. This density is high for a whole

chromosome, but rather sparse when compared to recent studies that fo-

cussed on particular regions and provided resolutions from 1 kb through

15 kb [8, 21]. However, a large number of blocks could be defined, and LD
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along the chromosome could be described in impressive detail. This is pre-

sumably due to the non-uniform, clustered distribution of the SNPs. An

average SNP density of about 40 or 50 kb is a lower limit for reasonable

block detection. A considerable loss in detected blocks occurred when only

80% of randomly chosen SNPs from the original set were used in the block

definition; the loss was dramatic for 50% or less (data not shown).

A high number of combinations of window sizes and threshold values

has been investigated. The data set analysis demonstrated that ε is very

variable, when used with small window sizes of 2 or 3 SNPs. Block definition

based on these sizes resulted in fragmentation into small, predominantly

pairwise blocks, even in regions of high LD. On the other hand, window

sizes of 7 or greater suffered from over-smoothing. Only high thresholds

then delivered reasonable blocks of elevated LD, but missed many smaller

regions of high LD or regions with intermediate levels of LD in consequence.

Moderate window sizes of 4–6 and thresholds in the range of 0.4–0.6 yielded

the best results with regard to several block characteristics. These parameter

values represent a good compromise between multilocus LD utilization in

the block definition and protection against too much variability and over-

smoothing. Blocks that were defined in the suggested range for window size

and threshold, i.e. 4–6 and 0.4–0.6, contained on average 3 or less haplotypes

with frequencies above 0.1 and 5 or less above 0.05 that provided 80% or more

frequency coverage. This finding allows for two conclusions: First, a large

proportion of these blocks would be embedded in or coincide with blocks

detected by CC methods. Since CC methods do not take LD into account,

the opposite is not necessarily the case. Second, the low numbers of common

haplotypes providing a high coverage make ε-defined blocks useful for both,

the utilization of their haplotypes as multi-allelic markers and the definition

of htSNPs. Thus, the ε-defined blocks are useful for two major objectives

in the definition of blocks. For highest thresholds, e.g. 0.7 for window size

4, there are usually two haplotypes that explain nearly all variation at the

block.

The block lengths from the ε-based algorithm fit well into the picture

found in other studies [32, 109]. For window size 2, the same pattern of a
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highly skewed distribution of the block length, as in previous studies using

pairwise LD measures [46, 132, 109], was observed. However, the coverage

was lower for larger window sizes. This is due to the minimum SNP number

in blocks, conditional on the window size. Thus, the higher coverage in other

studies would be due to a large proportion of pairwise SNP blocks. The

application of D′- and r2-based methods confirms this hypothesis, as will be

discussed later. The ε-based algorithm finds fewer but longer blocks than

methods based on pairwise measures.

For increasing LD thresholds, the average block length became much

shorter and the chromosomal coverage decreased dramatically. This reflects

the general decay of LD for increasing distances. Further analysis of the block

length distribution demonstrated that it is only marginally influenced by the

strength of LD within threshold-defined groups, but almost completely by

the marker distance distribution. The SNP spacing in a study then basically

determines the block lengths to be found within these groups. High LD will

be found over short and long distances, but to a lesser extent for the latter.

Blocks that were defined in the suggested range for window size and

threshold, i.e. 4–6 and 0.4–0.6, contained on average 3 or less haplotypes

with frequencies above 0.1 and 5 or less above 0.05 that provided 80% or

more frequency coverage. This finding allows for two conclusions: First, a

large proportion of these blocks would be embedded in or coincide with blocks

detected by CC methods. Since CC methods do not take LD into account,

the opposite is not necessarily the case. Second, the low numbers of common

haplotypes providing a high coverage make ε-defined blocks useful for both,

the utilization of their haplotypes as multi-allelic markers and the definition

of htSNPs. Thus, the ε-defined blocks are useful for two major objectives

in the definition of blocks. For highest thresholds, e.g. 0.7 for window size

4, there are usually two haplotypes that explain nearly all variation at the

block.

SNPs with rare alleles show a similar effect to mono-allelic SNPs that

lower the effective window size and thereby the value of ε. In reverse, blocks

in high LD can be expected to show a large proportion of common SNPs

with high-frequency minor alleles. The findings in section 4.5 confirm this
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hypothesis. Stronger LD, as measured by ε, leads to an enrichment of very

common SNPs, whereas the proportion of rare SNPs declines. This tendency

is not surprising. The occurrence of only a few common haplotypes in ε-

defined blocks is more unlikely and the deviation from linkage equilibrium is,

therefore, stronger for common SNPs than for rare SNPs.

Strong correlations were found between the mean values of ε and r2 in

the block groups defined by window size and threshold. This correlation

became weaker for larger window sizes and stronger for higher thresholds.

The correlation between the mean values of ε and |D′| was generally found

to be weak. These observations allow for two conclusions: First, the weak

correlation between |D′| and ε can be explained by the different objectives

the measures are suitable for. While ε measures LD, D′ basically indicates

missing haplotypes, which might be due to absent recombination events in

the past. Only the highest thresholds for ε will inevitably deliver regions

with little recombination. In those cases, e.g. window size 5 and threshold

0.7, correlation between ε and |D′| is high. Second, the correlation between

ε and r2 supports the suggestion of ε as a multilocus generalization of r2.

It also indicates that ε captures the information contained in a matrix of

pairwise r2 values and conveniently summarizes it. This relationship is less

clear for the block-wise median r2 values. A possible explanation is that LD

will usually be strong in the block core and decay towards the edges. The

number of pairs in which at least one SNP is located at a block edge is much

larger than the number of pairs in which both SNPs belong to the block core.

Thus, the median value of LD will be lower than the mean, and correlation

becomes weaker.

Section 4.7 compared the ε-based algorithm with methods based on the

pairwise LD measures D′ and r2. All three methods pursue the definition

of blocks, but with regard to different objectives. The blocks detected by

these methods partially, but not completely, overlap. This is due to the

incomplete correlation between LD and recombination, since other factors,

such as population bottlenecks, influence LD as well. D′-based algorithms

basically segment the chromosome into many small blocks and include more
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SNPs in them, but provide only a slightly higher physical coverage than the

other methods. Some 50% of the blocks contained exactly two SNPs. Blocks

also showed an enrichment of rare SNPs. This phenomenon is due to the

non-uniform SNP distribution and to the dense SNP spacing. Each SNP has

a probability of about 0.7 that at least one haplotype with an adjacent SNP

is missing. This can be due to absent recombination between the densely

spaced markers in the past, but also to population bottlenecks in the past

– or the sample was too small to include the haplotypes. The usefulness of

those pairwise blocks is questionable, since haplotypes in these blocks are

not beneficial, nor is the definition of htSNPs in this case.

If at least three SNPs are required per block, the number of blocks, their

coverage, and the number of SNPs included in blocks drops by about 50%.

Depending on the thresholds used, D′- and ε-defined blocks provide similar

coverage, but D′ results in more and smaller blocks, with regard to both

the number of included SNPs and the physical block length. Despite the

same coverage, the methods include partially different sets of SNPs in blocks

and agree on them for only about 2/3 for |D′| = 1.0 and ε4 ≥ 0.4. This

demonstrates the different objectives of the algorithms and of the measures on

which they are based, i.e. recombination vs. LD. Despite many recombination

events in the past, regions can be strong in LD due to other factors, e.g.

population bottlenecks, selection, and genetic drift.

Strategies employing the mean and the minimum of the pairwise r2 val-

ues yielded blocks in regions similar to ε. Again, there was a considerable

proportion of pairwise blocks. The requirement of three or more SNPs per

blocks greatly reduced the number of blocks for the minimum strategy, but to

a much lesser extent for the mean strategy. If blocks of three or more SNPs

and higher LD thresholds were considered, i.e. min r2 ≥ 0.3 or mean r2 ≥ 0.5,

then most of their SNPs were contained in ε4-defined blocks with a threshold

of 0.4. Comparing these two methods, r2 resulted in twice as many blocks

as ε did, but with an equal number of included SNPs. The concordance

of included SNPs between both methods is 2/3, but over 85% of the SNPs

that are included in r2-derived blocks with at least three SNP are also in-

cluded in ε-derived blocks. Therefore, ε summarizes the mean values of r2
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for longer blocks. r2 also detected some blocks consisting of two or three

SNPs that cannot be detected by ε4, but missed some blocks with strong

multilocus, but only mild two-locus interaction. The concordance between

the algorithms again supports the notion of ε as a generalization of r2.

Conclusions. The analysis of the chromosome 12 data set strongly sug-

gests that there are only a few clear distinct haplotype blocks. The detected

blocks depend on the measure, the method, and the control parameter values

that are used in their definition. The phrase block creates the illusion that

a chromosome can be segmented into clear disjointed blocks, which is not

true. Phrases such as regions of elevated LD should be used instead to avoid

such misunderstandings. Different aims of analysis will require that different

parameter values be chosen and will result in different “blocks”. LD is influ-

enced by many factors, such as the age of mutations, population history and

admixture, genetic drift, and selection. Thus, there is presumably no single

explanation for the occurrence of these distinguished regions.

The chromosome 12 data set was sampled from North American families

of European descent [29]. Since LD patterns depend on the history of the

population under consideration, the findings of this analysis do not neces-

sarily apply to populations from other geographical regions. The commonly

accepted hypothesis on the origin of human populations describes the colo-

nization of the earth by humans basically as a series of repeated migrations,

bottleneck events, and admixture events that started from a small popula-

tion in north-eastern Africa, first within and then out of Africa, and that

later continued in other parts of the world (out-of-Africa hypothesis [141]),

although this hypothesis is still subject to some debate [159]. The migrating

populations went through bottlenecks that reduced the genetic diversity and

eventually led to higher LD values on average. Haplotype blocks in genomes

from many African populations such as Nigerians, who are supposed to have

had few bottlenecks in their history [74], can, thus, be expected to be shorter

in general, as is the extent of LD in those populations [132]. Asian pop-

ulations might show block lengths similar to Europeans, but a proportion

of these blocks might be located at different positions. The approach of
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the HapMap project [29] which samples all the major human populations is

therefore justified to describe the variation in LD and the haplotype patterns

in the whole human population. Coinciding block patterns between different

populations could point to hidden factors, such as selection, as a reason for

this coincidence and assist in the fine-mapping of diseases or in the search of

preserved genomic regions.

5.4 Implications for medical research and

other potential applications

Two major objectives in the definition of haplotype blocks are the potential

use of the block haplotypes as multi-allelic markers with increased heterozy-

gosity in disease association studies and the capture of a maximum amount

of genetic variation by a minimum number of markers to considerably lower

genotyping costs in medical studies. The basis for both objectives is the

observation that markers are often not independent, but show allelic as-

sociations (LD) in the populations. Existing block definition methods do

not describe LD directly. D′-based methods merely look for recombination

events. Absence of recombination will often yield strong LD, but enough LD

often remains in the region to be exploited for gene mapping, even after some

recombination events have occurred, due to other sources of LD. CC methods

aim to describe longer sections of DNA by a limited number of haplotypes.

Although this can be useful for the definition of htSNPs, those regions do not

necessarily have to be strong in LD if the SNPs are rare, thereby decreasing

the statistical power for gene mapping. The ε-based method is distinct from

both, D′-based methods and chromosomal coverage methods, as it directly

looks for strong LD. However, since all methods describe different aspects

of the same phenomenon, they will get to similar blocks if these aspects

coincide, as was demonstrated for the chromosome 12 data set.

The proposed ε-based algorithm is easy-to-use and yields regions of ele-

vated LD (“LD blocks”) with a very limited number of common haplotypes

that provide high frequency coverage and an increasing proportion of common
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SNPs with growing LD. Thus, these blocks are suited for two main applica-

tions of haplotypes in statistical gene mapping, i.e. as multi-allelic markers

and for the definition of htSNPs. Haplotypes cannot be more frequent than

their rarest SNP allele. Since haplotypes are only useful for disease mapping

if they occur with notable frequency in samples, it is often recommended to

exclusively use common SNPs for haplotype construction. The enrichment

of common SNPs makes filtering the data set for rare SNPs ahead of the

analysis unnecessary.

The question arises, under which circumstances ε-defined regions of ele-

vated LD and their haplotypes are actually useful in the mapping of disease

genes. The success of association studies in mapping a trait-influencing gene

depends critically on the population history and the age and the frequency of

the causative mutation and the marker mutations. If the causative mutation

is younger than the surrounding LD structure, it has occurred on a single

haplotype, and only few recombination events have disturbed this correla-

tion. The strength of this correlation depends on the haplotype frequency,

when the mutation has occurred: the strength grows with lower frequency.

The mutation will then be in very strong LD with all markers in the region,

and the haplotypes from the LD block will serve as very useful markers. If,

however, the mutation is older than the LD structure, then the mutation is

likely not to be unique to a single haplotype, but to occur on several.

The Common Diseases/Common Variants (CD/CV) hypothesis [22] as-

sumes the disease-causing mutations to be common and rather old. Due to

the age of these mutations, LD around them can be expected to have sub-

stantially decreased. For these mutations to be found in regions of elevated

LD and to be present in only one or two haplotypes that are detectable

by haplotype analysis, very dense marker maps need to be used or other

forces than mutation and recombination need to have acted, e.g. population

bottlenecks and genetic drift. The out-of-Africa hypothesis on the origin of

modern humans assumes bottlenecks to have repeatedly occurred due to mi-

gration and, therefore, supports the suggested usefulness of haplotypes. The

common haplotypes in ε-defined blocks are good candidates to be used in

haplotype-based association studies, if the CD/CV hypothesis holds. Com-
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mon haplotypes will also be useful, if a mutation recently occurred in an

existing LD structure and the mutation-carrying haplotype’s frequency was

amplified by the repeated migration and bottlenecks events. If, however, the

allelic spectrum of common diseases turns out to predominantly consist of

many rare mutations, as was predicted in a simulation study [111], and if

factors such as bottlenecks and migrations would have only a minor impact

on LD during the human evolution, then the use of common haplotypes is

futile. Both predictions have their point; presumably none of them will ac-

count for all common diseases. Thus, the use of haplotypes in the statistical

mapping of complex disease genes will often, but not necessarily, increase

statistical power. Haplotypes can only attenuate the problems that are due

to often complex relations between particular genes and a disease.

Many genomewide association studies for various diseases are now planned

or underway. In the initial phase of these studies, the number of required

SNPs for detecting regions of high LD and for defining haplotypes needs to

be assessed. The human genome contains about 3 · 109 base pairs. The use

of 100,000 SNPs, which will be available on a single Affymetrix GeneChip by

20041, would result in an average distance (resolution) between two adjacent

SNPs of 3·109

1·105 = 30 kb. However, when using chromosome 12 as a model

chromosome, a considerable portion of SNPs will be lost to filtering due to

mono-allelism and errors in the sample (20% and > 50%, respectively, for

the chromosome 12 data set), thereby lowering the resolution to 36–60 kb

or more. The median block size was found to be ≈ 80 kb for ε4 ≥ 0.4 and

less (≈ 30 kb) for D′-based algorithms. Therefore, a considerable portion of

“interesting” regions could be missed. Studies that utilize 200,000-300,000

SNPs are reasonable for genome-wide haplotype block detection and associa-

tion studies. This is consistent with the prediction of 500,000 required SNPs

by Kruglyak [81] and others [71], albeit more optimistic.

The next question is then, where these SNPs should be located on the

genome. Genomic regions of high LD show little variation in the number of

haplotypes and, thus, fewer SNPs are needed to capture the diversity of this

1see http://www.affymetrix.com/ for details
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region. On the other hand, regions in a state close to linkage equilibrium will

require every possible SNP to be included in the study. ε LD profiles could

provide a convenient means for the spacing of SNPs in whole-genom scans.

Other possible applications. The ε measure’s potential is not limited

to association studies. LD is an interesting feature of the genome in itself.

More biological phenomena, e.g. regulatory regions [80] or the organization

of chromosomes, might to be found to match the phenomenon of LD. Regions

of extremely high or low LD might be subject to selection pressure and could

resemble functionally relevant chromosomal regions. A comparative study

of populations or species could reveal preserved regions, within as well as

outside of coding regions. LD might turn out to be helpful in the prediction

of these phenomena. For this kind of application, a multi-allelic marker

extension of ε that allows for the use of markers other than SNPs is required.

Differences and similarities with regard to LD structure between popula-

tions or species could be utilized to infer their history and divergence. For

example, populations that diverged more recently from each other can be

expected to show more similar LD patterns. Thus, their patterns can be

expected to cluster according to the time since the bifurcation event when

using an appropriate distance measure and assuming a tree-like evolution

of populations. This is certainly an area of future investigation that can

complement other approaches, such as sequence comparisons.

Phenotypic variation can only be explained, apart from environmental

factors and chance, by genetic variation. LD is an important aspect of this

variation and might correlate with other aspects of the genome. So even in

completely sequenced genomes, an ε LD profile might summarize or condense

important aspects of the genetic variation and assist in the analysis of these

genomes.
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Chapter 6

Summary

Common diseases in humans usually resemble complex traits, where the clear

relationship between genetic causes and phenotypic expression, that can be

found in Mendelian traits, is disturbed by numerous factors. Classical meth-

ods for statistical gene mapping that succeed for Mendelian traits lose power

when applied to common diseases, and often deliver non-significant or non-

reproducible results. Recent observations indicate a structure of the hu-

man genome, where regions of elevated linkage disequilibrium (LD) are in-

terspersed by regions of low LD, creating haplotype “blocks”. Haplotypes of

these blocks can be used to improve the power of statistical mapping meth-

ods and to reduce work efforts, thus enabling larger genetic disease studies

for an equal amount of funding.

Existing methods either use the pairwise LD measure D′ or haplotype

diversity criteria for the definition of blocks. Both kinds of criteria do not

describe LD directly. D′ targets missing recombination, not LD. Its usage

can result in a loss of information on association, since LD usually decays

only gradually and is influenced by other factors, such as selection, popu-

lation bottlenecks, and genetic drift. Furthermore, pairwise LD measures

are blind against multilocus LD interactions. Existing multilocus measures

are either haplotype-specific or computationally challenging and have not yet

been employed for the definition of haplotype blocks.

The proposed new measure, the Normalized Entropy Difference ε, allows
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for a direct, multilocus assessment of LD, conditional on the single SNP al-

lele frequencies in the sample. It applies the established concept of entropy

as used to describing a probabilistic system to sequences of genetic markers,

where haplotypes of these markers represent the system’s states. Analogous

to classical pairwise measures, such as r2 and D′, it normalizes the difference

between the observed state and the expected state under linkage equilibrium.

ε yields an expression on the LD state of a sequence, not a particular hap-

lotype. A related quantity, ∆S, can be used for testing the significance of

the haplotype frequency deviations from the expectation. ε is sensitive to

both, the number of present haplotypes and their frequencies, and does not

share the indicator-like behavior of D′ for missing haplotypes. The theoret-

ically unlimited number of loci that can be incorporated in ε is limited by

the sample size in real-world applications. ε, like D-based measures, uses

an empiric, non-parametric approach. It does not make model assumptions

on population history, selective neutrality of the loci under consideration, or

other parameters. Furthermore, it preserves the feature of a single expres-

sion, jointly describing all haplotype frequency deviations, from the case of

two bi-allelic loci. ε has analytical and statistical bounds to the pairwise

measure r2 and can be regarded as a multilocus extension of it. ε profiles

provide a convenient means to describe LD along loci sequences.

A persistent bias occurs when only common haplotypes are used in the

calculation of ε. This bias is caused by the interplay of information loss

on recombination events by excluding rare haplotypes and the number of

SNPs that become mono-allelic in the common haplotypes. A worst-case

scenario simulation study found the bias to be confined to 0–0.20 in most

cases. When used with small window sizes of 2 or 3 SNPs, ε shows great

variability, whereas larger window sizes, i.e. 7 or greater, show a strong ten-

dency of smoothing. Sizes 4–6 are a good compromise between multilocus LD

assessment and protection against too much variability and over-smoothing.

For simulated clear LD block patterns, ε almost always has its maximum

for the correct, i.e. block-matching, window size and location. ε can usu-

ally differentiate adjoining blocks and also indicates longer LD structures. It

partially confirmed an established block structure in a real-world data set;
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differences in the blocks positions can be explained with the differing aims

of the measures ε and D′.

The proposed ε-based algorithm defines haplotype blocks as regions of

contiguous windows, where LD does not drop below a certain threshold. It

parallels the island approach of existing, D′-based block definition methods

by allocating SNPs in regions of elevated LD to blocks, while the other SNPs

remain unallocated. The algorithm additionally allows the description of

embedded substructures by using differing thresholds. This can be important

in samples of very densely spaced markers with high background levels of LD.

A required minimal number of SNPs per block, the possible inclusion of SNPs

at the block edges that are only in low LD with the other SNPs of the block,

and the possible overlapping of blocks are the drawbacks of the algorithm.

Refinements of the algorithm can resolve the latter two.

The application to a data set of the whole human chromosome 12 allows

for an evaluation and characterization of the blocks delivered by the ε-based

algorithm. The average distance of 37.0 kb between to adjoining SNPs in

the filtered sample yields substantial results, although even more complex

LD structures can be expected to be found at a higher resolution. Win-

dow sizes of 4–6 and thresholds of 0.4–0.6 yield the best results with regard

to several block characteristics. The found physical block lengths confirm

findings of previous studies, but the blocks provide a lower chromosomal

coverage. This is due to the window-size induced minimal number of SNPs

in the blocks. Blocks defined in the suggested parameter range contains three

or less haplotypes with frequencies above 0.1 on average that provide 80% or

higher frequency coverage. Thus, a number of these blocks would have been

found by chromosomal coverage methods or would have been embedded in

those blocks. Common SNPs are enriched in ε-defined blocks. Within the

parameter-defined groups, r2 shows a strong correlation with ε, although de-

creasing with increasing window size. This supports the suggestion of ε as

a multilocus extension of r2. The correlation between ε and |D′| in these

groups is weak, except for very high thresholds, and supports the claim of

differing objectives of these measures.

The direct comparison of block methods based on the three measure ε, r2,
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and D′ yielded two findings: First, some 50% of the blocks defined by pairwise

methods contain exactly two SNPs, whereas ε-defined blocks include more

SNPs. The ε-based algorithm finds fewer but longer blocks than pairwise

methods do. Second, the sets of SNPs included in blocks by these methods

only partially overlap, since ε and r2 target LD, whereas D′ targets absent

recombination.

The application of the algorithms to the data set also revealed that the

resulting blocks very strongly depend on the chosen parameters, with only a

few regions with sharp, block-like borders. The misleading term block should,

therefore, be avoided in future applications. The threshold of choice is a

trade-off between shorter blocks with fewer haplotypes and lower chromoso-

mal coverage or longer blocks with more haplotypes and lower LD, but higher

coverage. The choice of the parameters in the algorithm ultimately depends

on the aim of analysis. Since the data was sampled from an European-

American population, the findings cannot necessarily be generalized to other

populations, e.g. populations of African descent.

The proposed LD measure and the block definition algorithm deliver re-

gions in elevated LD and with only a limited number of haplotypes. Thus,

they meet two major objectives in the definition of haplotype blocks: the

use of haplotypes as multi-allelic markers in association studies and the ef-

fective description of genetic variation. These haplotypes can potentially

improve the power of gene mapping studies, depending on the age of the

disease mutation and the surrounding LD structure and of the population

history, including bottlenecks and admixture. Considering chromosome 12 as

a model chromosome, genomewide genetic studies of human diseases should

consider the use of 200,000 to 300,000 SNPs to effectively exploit the advan-

tages of haplotypes in the analysis. ε profiles could be utilized in the effective

spacing of the SNPs along the chromosome. The genome’s feature of LD has

appeal beyond its use in association studies. Non-coding regions in high LD

might prove functionally relevant and could be detected by inter-population

or inter-species comparisons. Matching biological phenomena of possible rel-

evance to diseases with LD could improve their predictability. The proposed

measure ε might prove to be a useful tool in these and other investigations.
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Chapter 7

Deutsche Zusammenfassung

Komplexe Erkrankungen stellen gewöhnlich komplexe Phänotypen dar, bei

denen eine klare Beziehung zwischen genetischen Ursachen und phänoty-

pischer Ausprägung, wie sie bei Mendelschen Phänotypen gefunden wird,

durch oft zahlreiche Faktoren gestört ist. Statistische Methoden für die Gen-

kartierung, die mit Erfolg auf Mendelsche Traits angewendet wurden, ver-

lieren dadurch statistische Power, wenn sie auf komplexe Erkrankungen an-

gewendet werden. Ihre Ergebnisse sind dann oft nicht signifikant oder nicht

reproduzierbar. Neuere Studien scheinen das Vorliegen einer Blockstruktur

im menschlichen Genom bezüglich des Kopplungsungleichgewichts (LD) zu

belegen. Haplotypen dieser Blöcke können die Power klassischer Methoden

erhöhen und den Aufwand genetischer Krankheitsstudien verringern.

Existierende Methoden benutzen das paarweise LD-Maß D′ oder Hap-

lotyp-Diversitätskriterien, um Haplotypblöcke zu definieren. Beide Kriterien

beschreiben LD nicht direkt. D′ zeigt im wesentlichen fehlende Haplotypen

anstelle von LD an, häufig aufgrund nicht stattgefundener Rekombination.

Seine Verwendung kann einen Verlust an Assoziationsinformation nach sich

ziehen, da LD gewöhnlich nur graduell abfällt und von weiteren Faktoren,

z.B. Selektion und Populationsgeschichte, abhängt. Paarweise LD-Maße sind

blind für Multilocus-Interaktionen; existierende Multilocus-Maße sind entwe-

der haplotyp-spezifisch oder sehr aufwendig in der Berechnung und wurden

bisher nicht für die Definition von Blöcken eingesetzt.
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Das vorgestellte neue Maß, die Normalisierte Entropiedifferenz ε, ermög-

licht eine direkte Beschreibung von Multilocus-LD für gegebene SNP-Allel-

frequenzen in der Stichprobe. Es überträgt das etablierte Konzept der En-

tropie zur Beschreibung eines probabilistisches Systems auf eine Sequenz von

genetischen Markern, bei der die Haplotypen die Zustände des Systems re-

präsentieren. In Analogie zu klassischen paarweisen Maßen, z.B. r2 und D′,

normalisiert ε die Differenz zwischen beobachtetem Zustand und erwartetem

unter Kopplungsgleichgewicht. ε liefert einen Ausdruck für den LD-Status ei-

ner Sequenz, nicht eines speziellen Haplotypen. Eine verwandte Größe, ∆S,

ermöglicht einen Test auf signifikante Abweichungen der Haplotypfrequenzen

von der Erwartung. ε wird durch die Anzahl der vorkommenden Haplotypen

und ihre Frequenzen beeinflußt; es teilt nicht das Indikatorverhalten für feh-

lende Haplotypen mit D′. Die Stichprobengröße beschränkt die theoretisch

unbegrenzte Anzahl von Markern, die mit ε beschrieben werden können (Fen-

stergröße), in praktischen Anwendungen. ε nutzt, ähnlich zu r2 und D′, einen

empirischen, nichtparametrischen Ansatz. Es werden keine Modellannahmen

über Populationsgeschichte, Selektion und andere Parameter gemacht. ε er-

hält die Eigenschaft einer beschreibenden Größe für alle Abweichungen vom

Fall zweier biallelischer Loci und kann als Multilocus-Erweiterung von r2 an-

gesehen werden. ε-Profile sind eine handliche Methode, um LD entlang von

Sequenzen zu beschreiben.

Ein beständiger Bias tritt auf, falls nur häufige Haplotypen für die Schät-

zung von ε verwendet werden. Er entsteht durch das Zusammenspiel von

Verlust an Information über Rekombinationsereignisse durch den Ausschluß

seltener Haplotypen und von SNPs, die bei ausschließlicher Betrachtung

häufiger Haplotypen monoallelisch werden. Simulationen ungünstigster Fälle

schätzen den Bias auf 0–0,20. ε zeigt große Variabilität mit kleinen Fenster-

größen von 2–3 SNPs und einen starken Glättungseffekt mit 7 oder mehr

SNPs. Fenstergrößen zwischen 4 und 6 stellen einen guten Kompromiß zwi-

schen der Abschätzung des Multilocus-LD und dem Schutz gegen zu starke

Variabilität und zu starke Glättung dar. Bei simulierten klaren LD-Block-

mustern wird ε fast immer maximal über dem Block mit einer blockgleichen

Fenstergröße; es kann oft benachbarte Blöcke unterscheiden und längere LD-
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Strukturen anzeigen. Es bestätigt in Teilen eine publizierte Blockstruktur

in einem realen Datensatz; Unterschiede in den Blöcken können durch die

unterschiedlichen Ziele von ε und D′ erklärt werden.

Der vorgestellte Algorithmus definiert Haplotypblöcke als Regionen von

zusammenhängenden Fenstern, in denen ε nicht unter einen bestimmten

Schwellenwert fällt. Dieser Ansatz gleicht dem Inselansatz existierender, D′-

basierter Methoden, indem er SNPs in Regionen mit erhöhtem LD Blöcken

zuordnet, während für die anderen SNPs keine Zuordnung erfolgt. Der Algo-

rithmus kann außerdem eingebettete Substrukturen mit verschiedenen Schwel-

lenwerten beschreiben, etwa im Falle dicht verteilter Marker mit hohem Hin-

tergrund-LD. Nachteile des Algorithmus sind die fensterinduzierte Minimal-

anzahl von SNPs pro Block, der mögliche Einschluß von SNPs an den Block-

rändern in nur geringem LD mit den anderen Block-SNPs, und die mögliche

Überlappung von Blöcken. Die beiden letzteren können durch Verfeinerungen

des Algorithmus aufgehoben werden.

Die Anwendung des ε-basierten Algorithmus auf einen Datensatz des ge-

samten menschlichen Chromosoms 12 erlaubt die Evaluierung und Charak-

terisierung der resultierenden Blöcke. Ein mittlerer Abstand von 37,0 kb zwi-

schen benachbarten SNPs liefert substantielle Resultate, wobei noch komple-

xere LD-Strukturen für höhere SNP-Dichten erwartet werden können. Fen-

ster von 4–6 SNPs und Schwellenwerte zwischen 0,4–0,6 liefern die besten

Resultate bezüglich verschiedener Blockcharakteristika. Die gefundenen phy-

sikalischen Blocklängen bestätigen frühere Studien; die chromosomale Ab-

deckung (Coverage) ist allerdings geringer. Dies ist eine Folge der Minimal-

anzahl von SNPs pro Block. Blöcke, die mit den empfohlenen Parametern

definiert werden, enthalten durchschnittlich drei oder weniger Haplotypen

mit Frequenzen über 0,1 und über 80% Frequenzabdeckung. Viele dieser

Blöcke würden so von Chromosomal-Coverage-Methoden gefunden oder in

deren Blöcke eingebettet sein. SNPs mit zwei häufigen Allelen sind über-

durchschnittlich häufig in diesen Blöcke enthalten. Innerhalb der parameter-

definierten Gruppen zeigt r2 eine starke Korrelation mit ε, die sich zwar mit

zunehmender Fenstergröße abschwächt, jedoch die Notation von ε als einer

Multilocus-Erweiterung von r2 unterstützt. D′ zeigt eine nur schwache Kor-
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relation mit ε in diesen Gruppen, mit Ausnahme höchster Schwellenwerte,

und unterstützt die Feststellung der unterschiedlichen Ziele beider Maße.

Der direkte Vergleich von Blockmethoden, die auf ε, r2, and D′ basieren,

liefert zwei Beobachtungen: Erstens enthalten ungefähr 50% der durch paar-

weise Maße definierten Blöcke genau zwei SNPs, während ε zu Blöcken mit

mehr SNPs führt. Der ε-basierte Algorithmus findet weniger, aber längere

Blöcke. Zweitens stimmen die Mengen der in Blöcke eingeschlossenen SNPs

nur teilweise für die Maße überein, da ε und r2 LD beschreiben, während D′

auf abwesende Rekombinationen abzielt.

Die Analyse des Datensatzes zeigt auch, daß die resultierenden Blöcke

wesentlich von der Wahl der Parameter abhängen und nur wenige Regio-

nen scharfe, blockartige Grenzen zeigen. Der irreführende Ausdruck Block

sollte daher in zukünftigen Anwendungen vermieden werden. Die Wahl des

Schwellenwertes ist eine Abwägung zwischen kürzeren Blöcken mit weniger

Haplotypen und geringerer Coverage und längeren Blöcken mit mehr Haplo-

typen und geringerem LD, aber höherer Coverage. Sie ist daher abhängig vom

Analyseziel. Die vorliegende Analyse stützt sich auf eine Stichprobe einer eu-

ropäisch-amerikanischen Population und kann daher nicht ohne weiteres auf

andere Populationen, z.B. afrikanischer Abstammung, übertragen werden.

Das vorgeschlagene LD-Maß und der darauf basierende Algorithmus lie-

fern Regionen in erhöhtem LD und mit einer begrenzten Anzahl von Hap-

lotypen. Sie erfüllen damit zwei Ziele, die mit der Definition von Haplotyp-

blöcken verfolgt werden, nämlich die Benutzung von Haplotypen als multial-

lelische Marker in Assoziationsstudien und die effektive Beschreibung gene-

tischer Variation. Diese Haplotypen können potentiell die statistische Power

in Genkartierungsstudien erhöhen, in Abhängigkeit vom Alter der Krank-

heitsmutation, der umliegenden LD-Struktur und der Populationsgeschich-

te. Die Verallgemeinerung der Ergebnisse von Chromosom 12 führt zu der

Empfehlung, 200.000–300.000 SNPs in genomweiten Krankheitsstudien zu

betrachten, um die Vorteile von Haplotypanalysen auszuschöpfen. ε-Profi-

le könnten die effektive Plazierung der SNPs auf dem Genom unterstützen.

LD als Eigenschaft des Genoms hat eine Anziehungskraft, die über Asso-

ziationsstudien hinausgeht. Nichtkodierende Regionen in hohem LD könnten
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sich als funktionell relevant herausstellen und durch vergleichende Studien

von Populationen oder Spezies gefunden werden. Das vorgeschlagene Maß

ε hat das Potential zu einem hilfreichen Werkzeug in diesen und anderen

Untersuchungen.
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Abbreviations

Abbreviation Term See page

1{x} Indicator function 20

ai
j Allele at SNP position j in haplotype i 20

C A computer programming language 27

CD/CV Common Disease/Common Variants hypothesis 5

D Haplotype frequency deviation from expectation 10

δi Frequency deviation for a particular haplotype 21

D′ Standardized D 10

|D′| Absolute value of D′

∆S Entropy difference 21

ε Normalized entropy difference 21

εm ε for window size m 21

εall ε, calculated with all haplotypes 30f

εcmn ε, calculated with re-scaled common haplotypes 30f

εlve ε, calculated with common haplotypes 30f

HT Haplotype 2

htSNP Haplotype-tagging SNP 7

kb Kilobases (distance measured in 103 of nucleotides)

LD Linkage disequilibrium 2, 9, 20

LB Likelihood of observed SNP sequence 21

LE Likelihood of SNP sequence in equilibrium 21

m Window size used in the calculation of ε 20

Mb Megabases (distance measured in 106 of nucleotides)
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Abbreviation Term See page

N Number of all haplotypes in the sample 20

NED Normalized entropy difference 21

ni Number of a particular haplotype in the sample 20

pi Probability of a particular haplotype 20

pij Frequency of haplotype (i, j) 9

pi·, p·j Single allele frequencies 9

Perl A computer programming language 31

qi Expected haplotype equilibrium frequency 20

R A statistical computing language 31

r2 Standardized D 10

S Entropy 19

SB Entropy of the observed SNP sequence 20

SE Entropy of the SNP sequence under equilibrium 20

SNP Single nucleotide polymorphism 2

SNaP A SNP haplotype data simulation program 27

θ Recombination fraction 3, 11
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Hiermit erkläre ich, daß ich die vorliegende Arbeit mit dem Titel

The Definition of Multilocus Haplotype

Blocks and Common Diseases

zur Erlangung des akademischen Grades Doctor rerum medicarum selbständig
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